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AOSTNACT  (Cmtummim  mwM^IN  It  mHHir  MR  immmtllr  *r  Mm*  mmrnm) 

(>The  idea  of  a  ’’’Motion"  is  introduced  as  a  mathematical  framework  within  which  tcj 
describe  a  fairly  broad  class  of  moving  and  deforming  bodies.  The  implications 
of  the  definition  are  explored.  In  particular,  the  space-time  track  of  the 
motion  is  represented  in  terms  of  the  instantaneous  positions  of  the  moving 
body.  The  spatial  projections  of  the  intersections  of  the  space-time  track  of 
a  motion  with  characteristic  cones  are  represented  and  studied.  Finally,  class^ 
of  smooth  motions  are  identified.  The  additional  properties  of  such  motions. 


■including  the  existence  of  a  normal  velocity  field,  are  established,. 
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ORIENTATION 


This  is  Part  V  of  a  six-part  report  on  the  results  of  an 
investigation  into  the  problem  of  determining  the  scattered  field 
resulting  from  the  interaction  of  a  given  electromagnetic  incident 
wave  with  a  perfectly  conducting  body  executing  specified  motion  and 
deformation  in  vacuum.  Part  I  presents  the  principal  results  of  the 
study  of  the  case  of  a  general  motion,  while  Part  II  contains  the 
specialization  and  completion  of  the  general  reasoning  in  the  situation 
in  which  the  scattering  body  is  stationary.  Part  III  is  devoted  to 
the  derivation  of  a  boundary-integral-type  representation  for  the 
scattered  field,  in  a  form  involving  scalar  and  vector  potentials. 

Parts  IV,  V,  and  VI  are  of  the  nature  of  appendices,  containing  the 
proofs  of  numerous  auxiliary  technical  assertions  utilized  in  the 
first  three  parts.  Certain  of  the  chapters  of  Part  I  are  sufficient 
preparation  for  studying  each  of  Parts  III  through  VI.  Specifically, 
the  entire  report  is  organized  as  follows: 

Part  I.  Formulation  and  Reformulation  of  the  Scattering 

Problem 

Chapter  1.  Introduction 

Chapter  2.  Manifolds  in  Euclidean  Spaces. 

Regularity  Properties  of  Domains 
[Summary  of  Part  VI] 

Chapter  3.  Motion  and  Retardation 
[Summary  of  Part  V] 


Chapter  4.  Formulation  of  the  Scattering  Problem. 
Theorems  of  Uniqueness 

Chapter  5.  Kinematic  Single  Layer  Potentials 
[Summary  of  Part  IV] 

Chapter  6.  Reformulation  of  the  Scattering  Problem 


Part  II.  Scattering  by  Stationary  Perfect  Conductors 
[Prerequisites:  Part  I] 


Part  III.  Representations  of  Sufficiently  Smooth  Solutions 
of  Maxwell's  Equations  and  of  the  Scattering 
Problem 

[Prerequisites:  Section  [1.1.4],  Chapters  [1.2 
and  3],  Sections  [1.4.1]  and  [1.5.1-10]] 


Part  IV.  Kinematic  Single  Layer  Potentials 

[Prerequisites:  Section  [1.1.4],  Chapters  [1.2 
and  3]] 


Part  V.  A  Description  of  Motion  and  Deformation.  Retardation 
of  Sets  and  Functions 

[Prerequisites:  Section  [1.1.4],  Chapter  [1.2]] 


Part  VI.  Manifolds  in  Euclidean  Spaces.  Regularity 
Properties  of  Domains 
[Prerequisite:  Section  [1.1.4]] 


The  section-  and  equation-numbering  scheme  is  fairly  self- 
explanatory.  For  example,  "[1.5.4]"  designates  the  fourth  section  of 
Chapter  5  of  Part  I,  while  "(I. 5. 4.1)"  refers  to  the  equation  numbered 
(1)  in  that  section;  when  the  reference  is  made  within  Part  I, 
however,  these  are  shortened  to  "[5.4]"  and  "(5.4.1),"  respectively. 
Note  that  Parts  II-VI  contain  no  chapter-subdivisions.  "[IV. 14]" 
Indicates  the  fourteenth  section  of  Part  IV,  "(IV. 14. 6)"  the  equation 
numbered  (6)  within  that  section;  the  Roman-numeral  designations  are 
never  dropped  in  Parts  II-VI. 


A  more  detailed  outline  of  the  contents  of  the  entire  report 
appears  in  [1.1.2].  An  index  of  notations  and  the  bibliography  are 
also  to  be  found  in  Part  1.  References  to  the  bibliography  are  made 
by  citing,  for  example,  "Mikhlin  [34]."  Finally,  it  should  be 
pointed  out  that  notations  connected  with  the  more  common  mathematical 
concepts  are  standarized  for  all  parts  of  the  report  in  [1.1.4]. 


PART  V 


A  DESCRIPTION  OF  MOTION  AND  DEFORMATION. 

RETARDATION  OF  SETS  AND  FUNCTIONS 

We  concern  ourselves  here  with  a  precise  mathematical  realiza¬ 
tion  of  a  fairly  broad  class  of  physical  bodies  moving  and  deforming 
in  space;  of  course,  to  be  subsumed  here  is  the  possibility  that  the 
body  under  consideration  is  fixed.  In  so  doing,  we  shall  be  specifying 
the  types  of  regions  in  space-time  in  which  we  are  studying  electro¬ 
magnetic  scattering  phenomena,  as  well  as  providing  the  groundwork  for 
the  introduction  of  certain  potential  functions  defined  and  examined 
in  Chapter  [1.5]  and  Part  IV.  Also,  the  results  of  this  Part  V 
allow  us  to  set  up,  in  Chapter  [1.4],  the  requisite  exact  classical 
formulation  of  the  family  of  scattering  problems  under  consideration, 
as  initial-boundary- value  problems  for  Maxwell's  equations. 

We  begin  with  the  basic  definition  of  a  "motion,"  and  establish 
various  geometric  and  topological  implications  of  this  definition. 
Subsequently,  we  take  up  the  connections  between  a  motion  and  character 
istic  cones.  Finally,  the  basic  classes  of  "smooth"  motions  are 
defined,  and  their  important  properties  are  described. 

As  always,  c  denotes  the  constant  appearing  in  Maxwell's 
equations,  representing  the  speed  of  light  in  vacuum. 
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[V.l]  DEFINITIONS.  Let  K  denote  the  family  of  all 
ordered  triples  ({8^€^,  x)  *  wherein 

(i)  for  each  C  €  JR,  8^  is  a  non-void,  compact,  and 

3 

regularly  closed  subset  of  E  possessing  connected 

3 

complement,  while  R  C  ]R  is  non-void  and  compact; 


l< 


(ii)  X!  3RKR  ■+E'5  is  a  continuous  function  such  that,  for 

3 

each  C  6  E,  3R  -►  E  is  an  injection  taking 

3R  onto  38^;  moreover,  xO?**)  is  Lipschitz  con¬ 
tinuous  on  E,  uniformly  as  P  ranges  over  3R,  with 

P  ^  3R;  ^1*^*2  ^ 


1  * 

lx(P,C2)“X<P,Ci) U 

3  c  :*  sup  - 

« 

I'r'i1 

and 


h  *  ?2 


(1) 


e  [O.c); 


(iii)  whenever  C  €  R  and  is  a  sequence  in  E 

which  converges  to  t,  then 

lim  A-(8  A8  )  »  0; 
i-*-*  ‘’i  g 


(iv)  whenever  5  €  R  and  Z  €  38^,  there  exists  a  positive 
number  n(Z,()  such  that  for  each  c  €  (0,n(Z,O], 


there  can  be  found  continuous  functions  p 


It- 


R~  and  p, 


Ee’ 


3 

[-e,e]  -*■  E  satisfying 


p_  (C)  e  B^(Z)"n8°  . 

?+  7  C 

and 

P-  (O  €  B^(Z)"n8’ 

E£  E  C+  \  5 


whenever 


5  <  e. 


(2) 


Define  an  equivalence  relation  &  on  n  by  declaring  that, 
if  Ri«  X±)  for  i  -  1  and  2,  then 

Rl’  xl^£^82; V-3R*  R2’  x2^  iff  there  exists  a  continuous 
bijection  -*•  ^2  suc^  that 

Xj^CP.C)  -  X2(f12^*5^  for  each  P  €  3R1*  ?  €1R-  (3 

Then  a  motion  is  an  equivalence  class  of  elements  of  H  under  the 
equivalence  relation  &. 

Let  H  CM  be  a  motion,  and  ({8  }  R,  x)  e  M:  R  is 

termed  a  Aej JeAence  4&t,  x  a  motion  function,  and  (R,x)  a  fit\ Je/ience 
p<UA  for  the  motion  M.  A  property  or  quantity  associated  with 
({8  }  R,  x)  Is  said  to  be  intftin&ic.  to  M  iff  it  is  possessed 

S 

by  or  characteristic  of  every  element  of  M.  ■. 

[V.  2]  REMARKS.  We  shall  maintain  here  the  notation  of  [V.l]. 

3 

(a)  It  is  known  that  the  collection  of  all  subsets  of  ]R  wit 
finite  Lebesgue  measure  is  a  (complete)  metric  space  when  equipped  with 
the  metric  given  by  (A,B)  **  X^(AAB) ,  with  the  understanding  that 
sets  A  and  B  for  which  A^tAAB)  ■  0  are  to  be  identified  (so  that, 
more  precisely,  we  must  consider  the  corresponding  collection  of 
equivalence  classes);  cf.,  fc.g.,  Hewitt  and  Stromberg  [20] •  Now, 
Postulate  [V.l.iii]  says  that  the  map  c  h-  8^  on  1R  into  this  metric 
space  is  continuous,  a  most  reasonable  requirement  from  the  standpoint 
of  intuition.  Condition  [V.l.iii]  is  used  only  in  the  proof  of  the 
extremely  important  "intermediate-value,"  or  "boundary-crossing," 


JL  (Time) 


FIGURE  3.  Definition  of  "motion" 
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Lemma  [V.9],  infaCL.  If  the  latter  can  be  proven  by  using  only  [V.l.i 
and  ii]  (which  we  have  not  succeeded  in  doing,  but  strongly  suspect 
is  possible),  a  concomitant  economization  of  [V.l]  would  be  in  order, 
through  the  deletion  of  [v. l.iii]. 

(b)  The  status  of  condition  [V.l.iv]  is  not  unlike  that  of 
[V.l. ill]:  we  have  found  [V.l.iv]  to  be  a  sufficient  condition  under 
which  the  urgently  needed  statement  of  Proposition  [V.27],  ■infina,  can 
be  verified;  if,  as  we  believe  to  be  entirely  possible,  [V.27]  can  be 
substantiated  solely  on  the  basis  of  [V.l.i  and  ii],  then  it  would  be 
permissible  to-do  away  with  Postulate  [V.l.iv],  In  fact,  it  appears 
reasonable  to  expect  that  [V.l.iv]  follows  from  [V.l.i  and  ii] ,  in 
which  case  we  could,  of  course,  certainly  eliminate  the  former  from 
[V.l].  It  shall  follow  from  the  upcoming  Lemma  [V.12],  which  is  proven 
without  recourse  to  [V.l.iv],  that  whenever  C  6  Z  6  3B^,  and 
e  >  0,  then 

B?(Z)n8°  f  0, 

and 

B^(Z)n8*  +  6, 

Thus,  the  axiom  of  choice  can  be  invoked  to  conclude  that  there  exist 

3 

functions  on  [-e,e]  into  IR  for  which  (V. 1.2)  holds;  the  important 
additional  assertion  of  [V.l.iv]  is  that  continuous  functions  of  this 
sort  can  be  found,  for  all  sufficiently  small  t  >  0  (depending  on 
Z  and  O . 


for  |s|  e. 


>S  V 
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In  any  event,  we  must  point  out  that  [V.l.iv]  is  a  fairly  weak 
restriction  on  the  collection  {8  }  _  ,  and  is  satisfied  in  most 
cases  of  practical  interest.  In  particular,  it  is  fulfilled  when  each 
35^  is  a  (2,3;l)-manifold,  and  even  when  some  or  all  of  the  sets 
{38^}^^  exhibit  comers  and  spikes,  provided  these  are  neither  "too 
severe"  nor  "too  closely  spaced."  On  the  other  hand,  it  is  easy  to 
generate  examples  in  jwhich  each  38^  possesses  very  severe  comers, 
spikes,  and  cusps,  but  for  which  [V.l.iv]  holds.  For  more  details 
concerning  this  matter,  one  should  consult  [ V. 28—30 ] . 


(c)  If  the  number  c*  of  (V.1.1)  is  equal  to  zero,  then 
conditions  [V.l.iii  and  iv]  are  trivially  fulfilled;  cf.,  [V.S.c]. 


(d)  The  Inequality  c*  <  c  of  (V.1.1)  is  crucial  for  later 
developments,  exerting  a  decisive  effect  on  the  geometry  of  a  motion  in 
space-time;  this  will  become  clear  as  we  proceed.  Loosely  speaking, 
the  condition  demands  that  "the  'speed'  of  each  'point  on  the  surface 
of  the  moving  body'  is  always  less  than  c." 

(e)  &  is  indeed  an  equivalence  relation  on  ]M:  its 

reflexivity  and  transitivity  are  certainly  easily  verified,  while  to 
check  its  symmetry  we  need  only  observe  that,  with  notation  as  in  [V.l], 
since  3R^  is  compact,  the  continuous  bijection  ^2:  “^1  3^2  *s 

in  fact  a  homeomorphism,  so  its  inverse  ^l*'  3R2  3R^  is  a  con¬ 
tinuous  bijection,  with  ■  x1(f21(P)»?)  for  Pe  3&2  and 


C  €  R. 


(f)  For  each  c  6 1R,  the  requirement  of  [V.l.i]  that  8  be 


iKVrM, 


'ir 


regularly  closed,  -t.e.,  that  8^  ■  8^,  implies  that  8^  is  non-void, 

8°  and  8^  are  regularly  open,  and  38^  *  3  {8°}  *  3{B^}. 

(g)  Let  C  €  ]R.  By  [V.l.ii],  x(*i?):  3R  -►  38^  is  a 

continuous  bijection,  whence  the  compactness  of  3R  shows  that  this  map 

is  a  homeomorphism.  Thus,  the  collection  { { 38  }  3R)  consists  of 

s  S=jR 

pairwise  homeomorphic  sets. 

(h)  Let  M  be  a  motion.  We  can  already  identify  several 
intrinsic  properties  of  M: 

(i)  c*,  as  computed  from  the  Definition  (V.1.1),  using  any 
element  <{B^}?€]R,  X>  e  M 

[Indeed,  if  also  ({8~} r<=m,  R,  x)  e  M,  and  we  denote 
the  corresponding  constant  by  c*,  then  the  equality 
c*  »  c*  is  a  simple  consequence  of  the  existence  of  a 
bijection  F:  3R  ■*  3R  such  that  x(p*C)  ■  x(p(p)»C) 
for  each  P  €  3R  and  ?  €] R,  as  one  can  readily  check, 
with  (V.1.1).], 

(ii)  8  ,  for  each  C  €  ]R,  wherein  ({8  }  __,  R,  x)  e  M 

Q  S  9=JR 

[For,  suppose  that  ({8'}  ,  R,  x)  is  also  in  M,  and 

S  ScK 

let  F:  3R  -*■  3R  be  as  in  (i) .  Choose  £  €  ]R.  Then 

3B;  -  xOR.O  -  x(FOR),c)  -  xOR.O  *  3B~. 

Thus,  since  8^  and  8^  are  closed,  we  have  8^  * 

8^U38?  -  8°us8~  and  38^  C  S~,  so 
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B;'n8  -  8;'n(S°U38')  -  8' '^8°  , 

»  s  s  s  s  £  * 


and  we  can  write 


8*'  -  (8',oB0)U(8',^B,). 
?  C  c  ;  ? 


From  this,  upon  recalling  that  8~  ’  is  connected 

([V.l.i]),  and  observing  that  8^’n8°  and  B~’n8^ 

are  mutually  separated  (since  this  is  certainly  true  of 

8°  and  8^) ,  we  deduce  that  exactly  one  of  the  sets 

8~ 'OB°  and  B^'nB^  is  empty.  If  the  latter  were 

empty,  we  should  find  that  8~f  C  8^,  which  is  clearly 

Impossible,  since  8~'  is  unbounded,  while  8^  is 

bounded.  Therefore,  ■  0,  whence  8°  C  8~, 

and  8^  •  8°  C  8^.  We  are  led  to  the  reversed  inclusion 

by  similar  reasoning,  so  8'  -  8  ,  and  8  is  indeed 

s  s  £ 

intrinsic  to  M.], 


(iii)  x(P»R)«  the  set  swept  out  by  the  "particle  paths" 

for  M,  wherein  (R,x)  is  any  reference  pair  for  M 
[This  follows  easily  from  (ii) ,  since  the  set  in 
question  is  just  U  _  38  . 

(j)  Let  M  be  a  motion.  Fix  5  6®.  There  exists  a  reference 
pair  for  M  of  the  form  (8^,x^),  wherein  8^  is  the  intrinsic 
"position"  of  the  motion  at  the  "time"  ?,  and  is  the 

identity  function  on  38  .  To  see  this,  let  ({8  }  R,  x)  e  M,  and 

s  S  St|\ 


denote  the  inverse  of  x(*»C):  3R  38^  by  5  _  38^  -*■  3R.  Define 

r  3 

X  :  38^*11  -*■  H  by  setting 

X?(Y,s)  xCx^M.s)  for  each  Y  e  38?,  s  €®. 


Clearly,  x^(*»?)  Is  the  identity  on  38^.  In  order  to  check  that 


({8  }__,  8. ,  x’)  e  1M,  we  observe  first  that  the  requirements  of 
S  S^JR  s 


[V.l.i,  iii,  and  iv]  are  obviously  fulfilled.  Concerning  the  satisfaction 
of  the  conditions  of  [V.l.ii],  we  begin  by  noting  that  the  map  (Y,s)  h- 


(x^(Y),s)  is  continuous  on  38^*]R  onto  3R*R  (the  coordinate 
functions  of  the  map  are  continuous,  since  x^:  38^  ■*  3R  is 


3  c 

continuous),  while  x:  3R5®  -*•  1R  is  continuous,  so  x  is  continuous, 


as  the  composition  of  these  two  maps.  Next,  for  any  s  €]R, 


XC(*»s)  -  x(x71(’),s):  38  -*•  38  is  injective,  for  x,1  and  x(*»s) 

s  £  s  s 


,-l 


are  injections.  Further,  X  (38  )  «  3R,  while  X(3R,s)  *  3B  ,  so 


X^(38  ,s)  -  38  .  Finally, 

s  S 


sup 


X':(Y,s2)-xi:(Y,s1)|3 


S2~S1 


Y  €  38  :  s.  jS.  em,  s.  y 


12 


sup 


f|x(P»s2)-x(P,s1) |3 


ls2‘sll 


P  €  3R;  s1,s2  €  ]R, 


S1  *  s2 


-  c*  6  10, c). 


with  c*  denoting  the  intrinsic  constant  for  M;  the  second  equality 
follows  from  the  definition  of  x^  and  the  fact  that  x^(38  )  *  3R. 
We  can  now  assert  that  ({8  8,,  x^)  €  1M;  there  remains  only  the 

S  S*=K  4 


verification  that  this  ordered  triple  is  in  M,  x.e.. 


is  S-equivalent 
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to  X)  •  But  this  follows  directly  from  the  fact  that 

X^:  3 8^  -*•  3R  is  a  continuous  bijection  and  the  very  definition  of 

X?.  Thus,  (B^,x^)  is  a  reference  pair  for  M. 


(k)  As  usual,  let  M  be  a  motion,  and  ({8  } R,  x)  €  M. 
We  have  demanded  only  that  M  possess  a  sort  of  "continuity,"  in  the 


sense  prescribed  by  the  continuity  of  x  and  the  map  C  ►►  8^  (cf., 
(a));  no  smoothness  conditions  have  been  placed  on  either  x  or  the 
boundaries  3R  and  {38  }  _.  We  shall  later  define  and  study  various 
classes  of  motions  which  do  possess  such  smoothness,  after  examining 


certain  implications  of  the  general  definition  of  [V.l],  ■L.Z. ,  after 


exploiting  the  basic  continuity  postulates  as  far  as  we  can. 


(1)  The  class  of  physical  moving  bodies  which  can  be  modelled 
by  using  our  definition  of  "motion"  is  limited  principally  by  the 
assumption  that  the  boundaries  {38 are  mutually  homeomorphic. 

Thus,  we  can  describe,  for  example,  the  simultaneous  movement  of  a 
collection  of  bodies,  but  it  is  evident  that  these  can  be  permitted 
neither  to  fuse  together  nor  even  collide,  nor  can  any  one  split  apart; 
such  a  deficiency  may  prove  to  be  prohibitive  in  certain  contemplated 
applications.  On  the  other  hand,  short  of  breaking  up  or  bending  over 
to  touch  itself,  any  one  body  can  be  permitted  to  undergo  quite  severe 
deformations,  while  its  movement  in  the  rigid-body  sense  is  unrestricted, 
so  long  as  c*  <  c. 

[  V-  3  ]  NOTATIONS.  Let  Ai  be  a  motion.  Throughout  the  sequel, 
the  symbols  8^  (for  each  c  e  ®)  and  c*  shall  be  reserved  for  the 


intrinsic  properties  of  M  as  in  [V.2.h.i  and  ii],  while  (R,x) 
shall  always  denote  a  reference  pair  for  M.  For  each  C  €  IR,  we 


shall  write,  whenever  it  is  convenient  to  do  so,  x(*»C): 

3R  -*•  38^;  of  course,  just  as  in  Remark  [V.2.j],  the  inverse  of  this 
homeomorphism  is  denoted  by  x^:  38^  -*■  3R.  Thus, 

XCX^CZJ.C)  -  x^Cx^CZ))  -  Z  for  each  X.  €  ®,  Z  €  38?, 

and 

X^CxCP.O)  -  X^tXj.CP))  -  P  for  each  C  €  ]R,  P  e  3R. 

4 

Further,  x*:  3^®  -*1R  is  the  function  given  by 

X*(P,C)  (x(P.O,S)  for  each  P6  3R,  56®. 

o  4  • 

We  Introduce  the  subsets  IB  and  ft  of  IR  V4A. 

*  =*  U5gR  <VU,,> 

and 

ft°  :-B*  -  {8*X{C}}. 

A  1 

Whenever  A  C  3R  and  ?  €]R,  the  5-4ec£uw  0$  A,  A^  C]R  ,  is 

defined  by 

A?  {Y  €  3R3 1  (Y,C)  €  A}. 

Evidently,  we  can  write  A  •  u  _  {A  *{?}},  while  for  the  sets  IB 
and  ft0  associated  with  the  motion  M,  we  have  B  *  8  and 


0^  ■  8^  for  each  C  SR.  Finally,  if  A  C]R  and  I  is  an  interval 

4 

in  1R,  we  define  A^  C]R  according  to 

A 

Aj  {(Y,0  6  A|  c  €  1}  -  AO{1R3xi}.  (7) 

IV. 4]  DEFINITION.  A  motion  M  is  said  to  be  null,  or 
6ta£iontViy ,  iff  c*  -  0.  ■. 


[ V. 5 ]  REMARKS.  (a)  Let  M  be  a  null  motion.  From  (V.1.1), 
with  c*  *  0,  it  is  clear  that  x(P»S^)  *  if  P  6  aR  and 

*■1*^2  €lR*  Then  ■  x(3R.51)  *  x(3R.?2^  *  »  with  which  reasot 

ing  as  in  [V.2.h.ii]  shows  that  8  ■  8  whenever  C- ,c_  €  1R  the 

h  52  1 

body  is  stationary.  Note,  however,  that  it  is  easy  to  find  an  example 
of  a  nonstationary  motion  for  which  8-8  whenever  e  3R; 

h  C2  1 


as  a  particularly  simple  one,  consider  a  closed  ball  spinning  about  its 
fixed  center.  It  turns  out  that  if  such  a  motion  models  the  movement 
of  a  perfectly  conducting  body,  the  motion  Is  "essentially  null" 
insofar  as  its  electromagnetic  scattering  properties  are  concerned, 
l.Z. ,  the  solution  of  a  scattering  problem  associated  with  such  a  motion 
will  be  the  same  as  the  solution  of  the  problem  obtained  by  replacing 
the  "essentially  null”  motion  with  the  corresponding  null  motion, 
leaving  all  else  the  same. 


(b)  Obviously,  with  any  set  8  C  ]R  having  all  of  the 
properties  cited  in  [V.l.i],  there  is  associated  a  unique  null  motion 


M:  generate  an  element  of  M  as  ({8  }  8,  x) *  wherein  6  :*  8 

4  5 


for  each  C  €]R,  and  x(P»C)  P  for  each  P  €  38  and  c  €]R.  Take 


M  to  be  the  ^-equivalence  class  in  1M  which  contains  ^^^ejR*  ®»  x) 


(c)  If  we  construct  a  triple  R,  x)  as  in  [V.l.i 


and  ii]  for  which  c*  *  0,  then,  just  as  in  (a),  we  find  that 


8  ■  8  whenever  ?. €1R.  Then  condition  [V.l.iii]  is  certainly 

51  i’2  1  L 


fulfilled.  But  if  5  €  ]R,  Z  €  38? ,  and  e  >  0,  we  need  only  choose 


*le  S  Bc<2>rS°.  €  ‘c(Z>nBi  “d  s“  hc(°  YIt-  he(°  :m  YEc 


for  C|  _<  e  to  conclude  that  [V.l.iv]  obtains,  as  well. 


We  continue  to  accumulate  consequences  of  Definition  [V.l], 
For  the  proof  of  [V. 7],  we  shall  invoke  the  following  general  fact: 


Let  and  T 2  be  metfitc  spaces .  Suppose  that 


[V.6]  LEMMA, 
f:  -*■  T 2  Ls  a  continuous  bijection  such  that  whenever  is 


a  compact  subset  o i  T^,  thexe  exists  a  cofin.es ponding  compact 


C  7^  such  that  K2  C  Then  f"1  is  continuous,  i.e., 

f  is  a  homeomofiphism. 


PROOF.  This  follows  from  the  somewhat  more  general  result  of 
Appendix  V.A.  □. 

lv.7]  PROPOSITION.  Let  M  be  a  motion,  (R,x)  a  ne&efience 
pain.  ion.  M,  and  x*:  -+1R  as  in  [V.  3].  x  **  a  homeo- 

monphism  oi  3R*H  onto  the  set  u  UB  *{;}}. 

PROOF.  We  have  x*(p»0  (x(p»t)»C)  for  each  P  €  3R, 

C  €  ]R,  showing  that  the  coordinate  functions  of  x*  are  continuous 
on  dR*]R,  since  those  of  x  are.  The  continuity  of  x*  follows. 


For  each  5  €  IR.  x(*»?)  is  bijective  from  3R  onto  38^,  so 

X*(*,C)  is  bijective  from  3R  onto  38^><{^};  the  bijectiveness  of 

X*  from  3&0R  to  U_  {38  *!;})  follows  readily.  The  continuity 

of  x*  as  a  map  into  implies  its  continuity  as  a  map  onto 

U  {38  x{;}}  equipped  with  the  relative  topology.  To  show  that 
C*=IK  £, 

X*  U  __  {38  x{?}}  -*•  3fcR  is  continuous,  we  apply  Lemma  IV. 6]. 

£ 

Suppose,  then,  that  K  C  U  {38  x{;)}  is  compact.  Then  K  is 

sfeR  £ 

i  4  i 

bounded,  so  |x  |  <  N  for  each  x  €  K,  for  some  N  >  0.  This  gives 

K  C  ur<=r  m  wi  {38  x{C)}  -  X*OR*t-N,N]).  Noting  that  3Rx[-N,N] 

is  compact  in  3Rx]R,  we  see  that  x*  bas  the  property  required  of 

f  in  [V.6],  when  T,  ■  3RxR  and  T.  ■  U  {38  *{;}}  (which  are, 

A  ^-1 

of  course,  equipped  with  the  metric  inherited  from  IR  ).  Thus,  x 
is  continuous.  □. 

Observe  that  X*  1(Z,C)  *  (x^(Z),£)»  for  £  €  ]R  and 

*-l 

Z  €  38^.  The  coordinate  functions  of  x  are  continuous,  by  [V.7], 
so  the  coordinate  functions  of  the  map  (Z,£)  »♦  x^(Z)  are  also 
continuous.  Consequently,  we  have  proven 

L  V.  8  ]  COROLLARY.  Let  M  be  a  motion,  and  (R,x)  & 

fie^e/i ence  pain.  ^ok  M.  Then  the.  map  (z,£)  h-  x^CZ)  is  continuous 
on  u  {38  *{c}}  onto  3R. 

s 

Statements  [V.9]  through  fV.13]  are  expressions  of  the  con¬ 
tinuity,  Lipschitz  continuity,  and  "speed"  properties  of  a  motion.  We 
shall  rely  heavily  on  these  results  in  later  arguments. 

3 

[V.9]  LEMMA.  Let  M  be  a  motion.  Suppose  that  x  e  IR  ,  a'itli 


X  £  8  nB'  ion  4ome  ;  ei  (40 
?1  c2  1  1 

at  l&a&t  am  x,  between  5  and  c2 


^  ^2 )  •  Then  -t/tcAe  ex-ci-ti 
ion  which  x  £  38  . 


PROOF.  Let  I  denote  the  closed  interval  with  endpoints  5  and 
C,.  Set  A.  {y  €  l|  X  £  8°}  and  A.  :«  {y  £  l|  X  £  8'}.  Neither 

2  1  p  2  p 

A^  nor  A2  is  empty,  since  £  A^  and  $2  e  A2*  s^ali  s^ow 

presently  that  A^  and  A2  are  mutually  separated  (x.e.,  A^nA2  =  ® 

and  A2P'A2  *  *  if  we  assume,  for  the  moment,  that  this  has  been 

accomplished,  the  proof  of  the  lemma  follows  quickly.  In  fact,  I 

is  connected,  so  the  union  A^UA2  non-void  and  mutually 

separated  subsets  A^  and  A2  of  I  must  be  a  proper  subset  of  I. 

That  is,  there  must  exist  some  ?  £  I^A^UA.)  ’ ,  for  which  we  then 

have  X  S  8° ’ ‘  _  *  8'  n8  *  38  ,  as  required  (obviously,  £  i  £  , 
s  4  C  s  s  1 

?  5*  C2). 


To  show  that  A^  and  A2  are  mutually  separated,  we  introduce 
the  auxiliary  function  tji:  I  ■+  10,»)  given  by 


ip(u)  dist  (x,38y)  inf  {  | X-Y 1 3 [  Y£  38y}  for  each  y  €  I. 

Selecting  a  reference  pair  (R,x)  for  M,  it  is  clear  that  we  can 
also  write 


*(y)  -  inf  { | X-x(P.w) | 3|  P  €  3R>  for  each  y  G  I,  (1 

since  xOR.y)  ■  38y,  for  each  y  S  1R.  From  (1),  the  continuity 

of  ip  can  be  proven:  letting  e  >  0,  (1)  shows  that  we  can  find 

for  each  y  £  I  a  point  P  €  3R  with  I X— x (P  ,u) |,  <  ^(u)  +  (c/2). 

y.c  '  y,c'  '3 


Then,  if  p  and  £  are  in  I,  we  have,  with  (1)  and  (V.1.1), 


<H5)-<Ku)  <  |x-x(PUj£>5)!3-|x-x(Pyje,u)|3+ f 


llx(Py>e,0-x(py>E,u)|3+f 


<  c*|£-p|+  |  • 


Upon  interchanging  the  roles  of  £  and  p  in  this  estimate  and 

supposing  that  |p-£|  <  e/2c*,  it  follows  that  |tKC)_>Kp)  I  <  e. 

Thus,  ip  is  continuous.  To  prove  that  A^f^  =  0,  assume,  to  the 

contrary,  that  there  exists  some  pn  e  A_nA_.  Then  X£  8'  ,  so 

0  1  1  u0 
oo 

iKp«)  >  0.  Also,  we  can  find  a  sequence  (p  )  ,  in  A.  which  con- 

u  n  n*i  l 

verges  to  pn;  the  continuity  of  iji  showing  then  that  lim  ip(u  ) 
u  n 

n  -*•  ® 

<p(un),  we  shall  suppose  that  if((P  )  >  4  iKp«)  f°r  each  n  6H,  as 
u  n  i.  u 

we  may  without  loss.  Setting  6  :•»  -j  iKPq)  »  it  is  clear  that 

3  °° 

B.  (X)  C  B  n 8'  since  {p  }  .  C  A.  and  pn  €  A_,  so 

6  p  p  ’  n  n-1  1  02 

n  u 

1^(8^  )  >_  —  ir<5^  >  0,  for  each  n  S]N. 

n  0 

However,  this  contradicts  property  [V.l.iv],  which  says  that 

A_(8  n8’  )  <  A,({B  nB'  }u{8*  nB  }) 

3  ~  3  p  pn  p„  Pn 

n  u  n  u  n  u 


■  A,(B  A8  )  -*■  0  as  n  -*■  ». 

3  u  p  _ 
n  0 

Thus,  A^°A2  "  Similarly,  if  we  suppose  that  A^Aj  contains  a 

OO 

point  £q,  we  can  find  a  sequence  (£n)  ^  *-n  A3  ana  converging  to 

£„  for  which 
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X.(8'  ng  )  ^  4  for  each  n  €  n, 

wherein  6  :«  j  <P(£q)  >  0.  This  is  again  impossible  by  [V.l.iv],  for 
we  must  have 

A-(8'  ng  )  <_  \  (8  A8  )  -*•  0  as  n  -►  “. 

Sx  ^0  i  ^n  ^0 

Thus,  and  are  mutually  separated.  As  noted,  this  completes 

the  proof  of  the  lemma.  □. 


[V.  10]  LEMMA.  Let  M  be  a  motion.  I|$  5  €  ir  and  c  >  c*, 
then  8?+?  c  | ^ |  (8^)  to*  eac/t  {6E,  g  ^  0. 

PROOF.  Choose  £  €  IR,  £  ji  0.  Let  Y  €  B?, (8  ) * ,  so  that 

CIM  C 

dist  (Y,  38^)  :■  inf  {  |  Z-Y  |  ^  I  Z  €  38^}  c  |  £  |  ,  and  Y  €  8^ .  Suppose 
however,  that  Y  €  8^  -  B^UJB  .  From  Lemma  [V.9],  we  conclude 
that  Y  €  38^  for  some  u  €  I,  where  I  is  the  half-open  interval 
with  endpoints  c  and  £+£,  Including  C+C*  Choose  a  reference 

pair  (Bu,xV)  for  M,  where  xW(*»u)  is  the  identity  on  3B^; 
cf.,  [V.2.J],  Then,  on  the  one  hand,  the  condition  dist  (Y,38^)  _> 
c U  |  gives,  since  xU(Y.O  €  38^, 

I XW  (Y,  C+£)-Y  |  3+I XW  (Y ,  c)  -Y  |  3  >  cU|, 

\ 

while,  on  the  other, 

|x’,(y,c+0-y|j+|xw(y,o-y|3  -  |xu(y,c+0-x,,(y,m)|3+|xuCY,o-x,j<y,u)|; 

1  c*i  |  c+C-w  l+k-u  | }  -  c*|c|  <  c|c|. 


This  contradiction  implies  that  Y  €  8'  ,  so  B? i  • (8  ) *  C  8'  , 

4+5  C  I  4  I  '4  4+4 

which  gives  the  desired  conclusion.  □. 

For  future  convenience,  the  following  immediate  consequences 
of  [V. 10]  are  set  down: 

[V.ll]  COROLLARY.  Let  M  be  a  motion,  ir,  and  ge 
(c*,c). 

[i)  8  ^  c  b^(8^)  rfon.  eac/i  C  >  0. 

(-tc)  I){  e  >  0,  thin  8^  c  B^(B^)  w/ienevcA.  5  €]R, 

U-d  1  e/c. 

[V.12]  LEMMA.  Le*  M  be  a  non&tationaAy  motion  («jo  c*  >  0) . 
Suppose  z€ir3,  5  €m. 

U)  lb  z  e  8®,  -t/ieii  z  e  8°  |c|  <  7*  dist  (z,38J 

s  s*  s  C  s 

(-U)  lb  Z  e  8',  -tfien  z  e  3'  rfo*  Id  <  ~  dist  (Z,38  ) 

C  C  4 

l^ci)  lb  Z  e  38^  and  6  >  0,  then  ^  0  and 

B6(z)n5J+5  *  0  6°*  Ul  <  ^*  <5. 

PROOF.  (i)  Set  n  dist  (Z.38^);  then  n  >  0.  Fix  5  «  1R, 

with  0  <  U!  <  “*■  n,  and  suppose,  contrary  to  the  conclusion,  that 

Z  6  8°'  ■  8'  _  -  8'  *->38_,, .  Let  I  denote  the  half-open  interval 
4+5  4+5  4+5  4+5 

including  4+5,  with  endpoints  4  and  4+5.  Using  Lemma  [V.9], 
there  must  exist  y  S  1  such  that  Z  €  38  ,  whence  Z  «  x(P7»u)  for 
some  P7  S  3R;  (R,x)  is  any  reference  pair  for  M.  Since  Z  €  8°, 

^  S 
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x(P7»0  €  3B  ,  we  must  have 

lx(Pz> c)-x(pz.w) I 3+lx(p2i?+C)-x(pz.w) l3  i  n» 

while  the  sum  on  the  left  in  this  inequality  is  also  _<  c*  {  Ic-ul  +  U+C-ul) 
c*|c|  <  n*  This  impossibility  shows  that  Z  G  an<*  completes  the 

proof  of  (i) . 

(ii)  Retrace  the  steps  of  the  proof  of  (i),  mitcutu,  muXandXb. 

(iii)  Choose  any  reference  pair  (R,x)  for  M.  Then 

Z  -  x(pz.C)  for  some  Pz  G  gR.  Fix  5  €  ]R  with  |?|  <  6 •  Since 

|x(Pz,?+0-x(Pz.?)|3  1  c*U|  <  6, 

3  3 

we  conclude  that  €  B.(Z),  >t.e.  ,  Bf(Z)  is  a  neighborhood 

L  6  o 

of  x(P7,5+0  e  38,,,.  Obviously,  then,  B3(Z)08'  i  0.  But  also, 

8^  is  regularly  closed,  l.z. ,  8?+^  -  8°"^;  since  x(Pz»C+0  € 

8  ,  x(P7»C+0  is  the  limit  of  a  sequence  of  points  in  B°  ,  so 

the  neighborhood  B^(Z)  of  x(Pz*C+C)  must  meet  8°+^,  as  well. 

This  completes  the  proof.  □. 


Lemma  [V.12]  clearly  implies  that,  for  any  motion  M  and 
any  Z  €  1R3,  the  sets  { ?  e  1R|  Z6  8°},  UG]R|  Z  G  8^}  are 
each  open  in  1R  (so  that  {5  €  1R|  Z  €  38^}  is  closed,  a  fact  which 
can  also  be  proven  more  directly) . 

[ V.13]  LEMMA.  LeX  M  be  a  motion,  Z  GIR3,  5  G  m,  and  c  >  0. 


U)  1$  B3(Z)  C  B;,  tfien  B3_c|c_?|(Z)'  C  8° 


whenever 


v.v .  «v 


C  e3R  with  |c-c  1  e/c; 


[■ U. )  IjJ  B3(Z)  C  8'~,  .then  B3  i(Z)"  c  B’  wheneveA 

e  5  e-c|5-?|  C 

£  iect/i  U-C|  1  e/c; 

3  — 

recall  the.  convention  bq(Z)  {z}. 

PROOF.  (i)  Observe  that  we  actually  have  B^(Z)  C  8°.  Suppose 
that  £  and  0  <  |5-cj  <.  e/c  (if  £  -  c,  the  desired  conclusion 

O 

has  already  been  pointed  out);  assume  that  Y  €  3R  with  |  Y— Z  1 3 
e-cje-s|  (<  e),  but  Y  £  8°’  »  81“  -  B’U38  .  Since  Y  6  B3(Z)  C  8°, 

s  s  s  s  E  £ 

[V.9]  shows  that  there  is  some  y  €  IR,  either  lying  between  £  and 

C  or  equal  to  £,  such  that  Y  £  38^.  For  convenience,  choose  the 

reference  pair  (8y,xU)  for  M,  where  x^(*»u)  Is  the  identity  on 

38  .  Then 

v 

I » 0~Y 1 2+| xU(Y, C)“Y| 3  >  |xW(Y,?)-Y|3 

>  |  X^  (Y ,  c)  ~Z  1 3-  ]  Y-Z 1 3 

1  e-(c-c|C“?|) 

-  c|£-;|  >  c*jc-c| 

(having  noted  that  xU(Y,?)  £  3B^,  so  [xy(Y,?)-z|3  _>  e)  ,  but  also 
I  XU(Y,  0-Y|  3+|  XU  (Y,  £)-Y  |  3  -  |xU(Y,;)-xy(Y,y)|3+|XU(Y,0-XU(Y,y)|3 

^  c*(|c-y|+U-u|)  -  c*|e-e|; 

this  impossibility  implies  that  Y  €  8°.  Thus,  B3_c|^_^|(Z)  C  8°, 


vv* .  •  /'  «*•  .*•  -*• 


*.  .V 


N  A  A  A  .V  A  A  .V 


A  A  .‘/A  A  *. 
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and  the  proof  of  (i)  is  complete. 

(ii)  Observe  that  we  actually  have  B3(Z)  C  since  B’ 

e  5  C 

is  regularly  open,  it  follows  that  B3(Z)  C  BJ.  Assume  that  Y  €  1R3 

with  |¥-Z|3  ±  e-c|c-?|,  but  Y  €  B^,  where  £  €  m  has  been  chosen 

with  0  <  U-C|  <  e/c.  Since  Y  €  B3(Z)  C  8',  [v.9]  implies  that 

there  exists  a  p  €  ]R  with  the  properties  listed  in  the  proof  of  (i). 

Retrace  the  steps  of  the  proof  of  (i)  to  arrive  at  a  contradiction, 

forcing  the  conclusion  that  Y  €  81,  hence  that  B3  ,  ,(Z)"  C  8\  □ 

5  e-c  J  C-C  |  £ 

Recall  the  definition  of  the  set  A^  C  ]R3  associated  with 
any  A  Cm4,  £  €  m;  cf . ,  [ V.3] . 

[V.  14]  LEMMA.  Let  A  cm4  and  ;  em.  Then 


U)  (A°)?  C  (A5)°; 

IU)  (A^)“  C  (A”)c; 

UU)  3<A^)  C  (3A)?. 

PROOF.  (i)  Suppose  Y  e  (A°)?.  Then  (Y,C)  €  A°,  so  there  is 

some  e  >  0  such  that  {r^(Z)+| 2}1/2  <  e  implies  (Z,£)  €  A. 

Thus,  in  particular,  ry(Z)  <  e  implies  •  (Z,;)  e  A,  or  Z  6  A  . 

3  Y  5 

Consequently,  B£(Y)  CA?,  so  Y  €  (A  )°. 


(ii)  Suppose  Y  €  (A;)".  Then  B3(Y)nAc  4  0  for  each  e  >  0, 

so  for  each  e  >  0  there  is  some  Y  €  m3  such  that  r  (Y  )  <  e 

e  Ye 

and  YgeA?.  Then,  for  each  e  >  0,  (Y^O  €  B4(Y,i;)nA,  giving 
(Y.O  6  A",  so  that  Y  €  (A“)^. 


3(A)  -  (Ar)'n<AV“  -  (A  )“n((A')  )”  c  (A")  n(A,_)r 
-  (A_nA’');  -  (3A);, 

where  we  have  used  (ii)  and  the  obvious  facts  that  (A^) ’  -  (A1)^, 
and  A1(,nA2^  »  (A^^Aj)  ,  for  A^^  C3r4*  d* 

We  are  now  prepared  to  prove  that  the  sets*  B  and  0CT, 
intrinsic  to  a  motion  M,  possess  a  number  of  desired  properties. 

[v.15]  T  H  E  0  R  E  M.  Let  M  be  a  motion,  and  B  cir4,  na  cm4 
the  06 iooiaXzd  ivti  oi  in  [V.3].  Then 

[i]  B  ii  dLo*td;  na  ii  open; 

[U)  *°-UC€BL  {8;X{5»;  “  Uc6R  <8rx{?}); 

Mil  &  -  30°'-  {38cx{C}}; 

(iv)  B  ii  AeguiaAiy  cZoi&d;  ii  oe.gulanZy  open; 

M  n°  ii  connected; 

(vt)  (R»x)  *a  a  Aetfenence  pat/t  i(oa  M,  then  x* 

provide*  a  homcomoophiim  ofi  dftOR  onto  3B. 

PROOF.  (i)  Let  ( (Y  ,£  ))*  CB  U__  {8  *{£>}  be  a  sequence 

n  n  x  £t=xv.  ^ 

4 

converging  to  (Yq,£q)  *  Note  that  Yfl  €  8^  for  each  n  €]N, 

lim  Y  ■  Y_,  and  lim  £  ■  c_.  The  proof  that  B  is  closed  is 

n  u  n  u 

n  +  •  n  *♦*  08 


d 


complete  once  it  has  been  shown  that  (Y-,£n)  €  B,  t.e. , 


that 


Yn  €  B  .  Now,  if  e  >  0,  there  is  an  n(e)  £E  such  that 
0  C0 

(Y^)  <  e  and  <  e  whenever  n  ^n(e).  According  to 

3 

fv.ll.ii],  we  then  have  8  C  B  (8  )  whenever  n  ^n(e/c),  where 

?n  E  50 

c  €  (c*,c).  Assume  that  Yn  €  8'  :  since  8  is  closed, 

U  ?0 

A  :«  dist  (Y,8  )  >  0,  and  it  is  easy  to  see  that  B3..,(Yn)nB3  (8  ) 

&q  A/3  0  A/3 

0.  However,  choosing  n  max  {n(A/3),  n(A/3c)},  we»find  both 
3  3 

Y  €  B^/0(Yn)  and  Y  €  B„  C  B .  ,,(B  ).  This  contradiction  implies 

n  A/3  U  n  A/3  ?q 

that  Yn  £  8  ,  as  required.  Thus,  IB  is  closed.  Then  :**B' 

U 

is  open. 


(ii)  Recall  that  E^  ■  8^  for  each  £  €  ]R.  Suppose  we  have 

shown  that  8°  C  QB°)^  for  each  C  e  1R;  then,  [V.l4.i]  giving  the 

reversed  inclusion  (B0)^  C  (B^)°  "8°,  we  shall  have  CB°)^  *  8° 

for  all  ?,  whence  B°  -  { CB°) >  -  U?€1R  {8°*{d},  and 

na~  ■  B'~  «B0'  *  U  {B^'xC?}}  »  urt=TD  {B'~x{c}}.  Thus,  the  entire 

v^lv.  s  sWR  4 

statement  of  (ii)  will  follow  by  establishing  the  inclusion  8°  C 
(B°)^  for  each  C  €  ]R. 

Accordingly,  fix  5  £  1R,  and  suppose  Y  €  8°.  Then  B3(Y)  c 

B^  for  some  t  >  0.  By  [V.13.1],  whenever  £  e  IR  with  |c-£|  £  e/c, 

i.Z. ,  ?-  —  e  <  5  <  C+  —  e ,  then  B  i  ( (Y)  C  8°.  With  this  fact , 
c  -  -  c  e-c|c-£|  £ 

it  is  easy  to  find  a  neighborhood  of  (Y,c)  lying  in  B.  Indeed,  the 

3  f  c  cl 

open  "pillbox"  \/2^*  ~2c  *  **+  ~2c  contains  (Y,c)  and  is  also 

in  B,  for,  whenever  <  £  <  ;+  ^  ,  then  e-c|;-£j  >  e/2,  so 

B3  (Y)  C  B3 


(Y)  C  8  ;  thus, 


>cV«t‘"£r  .  <+fej  -ut  ,  (BE/2(Y>*t5}> 

s"  2c  4  4  2c 


<2  U  tS,»(s))  Cl. 


3 

M 


Consequently,  (Y,C)  £  B°,  whence  Y  £  GB0)^.  This  proves  that 
B°  C  0B°)^  for  each  C  £  ]R,  from  which  statement  (ii)  follows,  as 
we  have  already  decided. 


(iii)  Choose  ;  We  shall  show  that  (3B)  C  3(3B  ): 

£  £ 

again,  since  B^  -  8^,  we  have  3QB^)  *  38^.  Let  Y  €  (3B)^,  so 
(Y,5)  €  3B.  We  cannot  have  Y  £  8°,  for  then,  by  (ii),  Y  £  QB0)^. 
giving  (Y,C)  €  B°,  which  contradicts  (Y,c)  £  3B.  Thus,  Y  £  8°' 
Also,  since  B  is  closed,  (Y,?)  £  3B  implies  (Y.O  £  B,  so 
Y  £  E  -  8  .  Hence,  Y  €  8  06°'  -  8 /*'“  -  38  (8  is  closed). 

This  shows  that  (3B)^  C  3QB^)  »  38^.  Meanwhile,  [V. 14. iii]  gives 
3(B^)  C  (3B)^ .  We  have  then  shown  that  (3B)^  -  38^,  for  each 
C  €  B,  which  Implies  the  assertion  of  (iii),  for  now  we  can 
write 

»  -ute*  {OB)t«UM  (3B5«U}>. 

(iv)  We  must  show  that  B  *  B°  .  Since  B  is  closed, 

B°  CB.  Now  let  (Y,s)  £  B,  so  Y  £  8^  ■  8°  ,  the  latter 
equality  holding  since  8^  is  regularly  closed  ([V.l.i]).  There- 
fore,  there  is  a  sequence  (Y.).  in  8„  converging  to  Y. 


Certainly,  the  sequence  ((Y^,;))^  converges  to  (Y.O,  and  lies 
in  8°x{c)  C  B°,  by  (ii).  This  shows  that  (Y,S)  £1°  ,  and 
completes  the  proof  of  the  fact  that  B  is  regularly  closed.  But 
then  ft0  is  regularly  open,  since  ft0  «B'. 


2 

(v)  For  each  ?  6  ]R,  8^  is  open  and  connected  in  B  , 

so  it  is  pathwise  connected.  Then  B^x{;}  is  pathwise  connected 

4  3 

in  ]R  .  If  we  construct  a  continuous  function  p:  B  -*•  B  such 
that  p(?)  G  8^  for  each  C  €  B,  then  the  function  p*:  B  -►  B^ 
given  by  p*(C)  :*  (p(0,0,  5  e  B,  shall  be  continuous,  with 


P*(C)  €  8^*{c)  for  each  (  SR.  The  pathwise  connectedness  of 
U  {8'x{£}}  -  fia  would  be  an  immediate  consequence  of  these 
facts,  whence  the  connectedness  of  £2a  would  follow,  in  turn. 


Thus,  the  proof  rests  upon  showing  that  there  is  a  function  p 
with  the  required  properties.  To  construct  one,  choose  Y  €  B^ 
and  p  >  0  such  that  8_  C  B^(Y)  .  Since  8  C  B-i_i(8ft)  for 

U  P  c  C|  4 1  U 

each  ?  €  B,  C  i4  0,  by  lV.10],  where  c  has  been  chosen  in 
(c*,c),  it  follows  easily  that  6^  C  | ^  j  (Y)  for  each  j  £1, 
where  p  :*  p+  diam  8^  (in  view  of  the  inequality  r^CZ)  <_ 
dist  (Y,8q)  +dist  (Z,Bg)  +diam  8^,  Z  €  B"*) .  Thus,  we  have  merely 

3 

to  exhibit  a  continuous  function  p:  B  -*■  B  such  that  p(;)  G 

3 

B-_^  |  ^  |  (Y)  *  for  each  ;  SB,  so  it  suffices  to  choose  any 
Y  €  3B^(0)  and  set  p(?)  :■  Y+(p+c[c|)y,  C  SB. 


(vi)  In  [V.7],  it  was  demonstrated  that  X*  provides  a 
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homeomorphism  of  3R*]R  onto  but  now  (iii)  says 

that  the  latter  set  Is  just  3B.  □. 

It  is  essential,  for  later  developments,  to  examine  the  set-!- 
theoretic  and  topological  connections  between  a  motion  (in  particular, 

Q  A 

between  the  sets  B  and  )  and  characteristic  cones  in  ]R  .  We 
now  digress  to  prepare  some  general  facts  in  this  direction,  later 
returning  to  consider  their  implications  in  the  setting  of  present 
Interest. 

[V.16]  DEFINITIONS.  (i)  Let  X€l3,  t  S  ]R.  The 
backiMAd  [^ornuoAd]  chaAact&ntAtic ,  or  tight,  c one  urith  vtntzx  at 
(X,t)  is  the  set  C_(X,t)  [C+(X,t)]  C  R4  given  by 

c  -  (X, t)  {(Y.C)  €®4|  Y6R3,  c  -  t_  ^  r  (Y) } . 

[+]  [+]  c  X 

3 

It  is  easy  to  show  then  that  C  (X,t)  »  U  (3B  _.(X)x{£}}  and 

-  ctt-c; 

C+(X,t)  -U  {3B c(5-t)(X)><{c}}»  where  B0(X)  {X}- 

4  3 

(li)  Let  Pr:  1R  -►  H  denote  the  projection  map  (Y,t)  W 
Y,  for  Y€®3,  {SR. 

(iii)  Let  X£R3,  t£R.  Define  p(x  t) :  TR4  by 

P(X,t)(Y)  (Y’  C"  c  rX(Y)>  for  each  T6R3. 


Then,  for  AC®  (  define  the  Aetandation  A  mJLolXlvz  to  (X,t) 
to  be  the  set  A(X,t)  C  R  given  by 


A(X,t)  P(x,t)(A)  "  {Y  €]r3|  P(X,t)(Y)  ’  (Y’  t_  c  rX(Y))  €  AK  C 


tv.  17 ]  REMARKS.  (a)  The  continuity  of  Pr  and  P 

4 

for  each  (X,t)  £®  ,  is  obvious. 


(X,  t)  ’ 


(b)  If  X  €  R  ,  t  €  ]R,  P^x  is  clearly  just  the  inverse 

of  the  continuous  bijection  Pr|  C  (X,t):  C_(X,t)  -*•  R  ,  so  P^x 

3 

is  a  homeomorphism  of  R  onto  C  (X,t). 


(c)  For  AC®,  ;  the  5-section  of  A,  A^  (cf., 

[V.3]),  is  easily  seen  to  be  just  Pr  (Af^R^x^}}) . 


The  following  alternate  characterizations  of  the  retardation 
of  a  set  with  respect  to  a  point  are  useful;  the  first  and  third 
also  afford  a  convenient  means  for  visualization;  cf . ,  Figures  6  and  7 


IV.  18]  PROPOSITION.  Let  Ac®\  x  e  r3,  and  t  e  r. 


U)  A(x,t)  -  Pr  <AnC_(x,t))  ;  in  paAticuZai,  A(x,t)  h> 
non-void  iii  brQ  (x,t)  i&  non-void: 


[ii J  A(X 


.«» -  f 


Y  €  RJ|  Y  €  A  , 
t-  ■ 


Y 


FIGURE  6.  Retarded  sets  associated  with 
amotion  (cf.,  [V.18.i]) 


7.  Generation  of  £(X,t)  (cf.,  [V.18.iii]) 


UU)  A(X,t)  -  U  {3B^  (X)OA  },  whZAZ  Bq(X)  {X 


PROOF.  (i)  If  Y£A(X,t),  then  (Y,  t-  —  r  (Y))  £  A,  by 

c  x 

definition  of  A(X,t),  while  clearly  (Y,  t-  —  r„(Y))  £  C  (X,t). 

c  x  - 

Since  Y  ■  Pr  (Y,  t-  —  r„(Y)),  Y  €  Pr  (A rC  (X,t)).  On  the  other 

c  x  — 

hand,  if  Y  €  Pr  (AnC_(X,t)),  then  (Y,?)  £  AnC_(X,t)  for  some 
Z  €  ]R,  which  must  be  t-  —  r  (Y) ,  since  (Y,?)  €  C  (X,t).  Thus 

C  A  * 

(Y,  t-;rY(Y))£A,  so  Y£A(X,t). 
c  x 


(ii)  Y€A(X,t)  iff  (Y,  t->rx(Y))€A,  iff  Y€ 


t-  ±  rx(Y) 


(iii)  If  Y€A(X,t),  set  ?y:-±rx(Y).  Then  Y£ 


(X) ,  and  Y  €  A  1 


t-  r  rv(Y) 


A  .  Now,  suppose  Y  £ 


3B  (X)rA  ,  for  some  C  >  0.  Then  r„(Y)  ■  c£,  giving  c 
cc  t-?  —  X 

and  so  Y  e  A  .  .  Thus,  I6*(I,t).  O. 

t-  7  r,«) 

C  X 


[V.19]  PROPOSITION.  LeX  X  €  ]R  ,  t  6*. 


(X)  14  A  c  ]R  ,  then  A(x,t) *  -  A’  (x,t) ,  60 


[,t)'  -  Pr  (A 'PC  (X,t))  -  (y  6R3|  Y  €  A'  .  } 

1  t-  ±  r„(Y)J 


U  „  { 3BJ_ (X) HA  ’  _} 
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{■LL)  IjJ  (Aj  i  e  1}  -Li  any  family  oi  Aubieti  o 6  TRA, 
■then 


{ux€]  A^cx.t)  *  uteI  A^x.t), 

{niei  Aa><x»t>  -  °iei  Vx»c>- 


PROOF.  (i)  Simply  note  that  A'(X,t)  *  tj(A')  “  ^(X  t)^^ 
A(X, t) ' ,  and  then  the  remaining  statements  of  (i)  follow  from  [V.18]. 


(li)  <u6I  *,Kx.t)  -  P-Jft,(ulSI  \)  ■  vieI  P(x,t)(\) 

\ei  Ai  (X, t) .  The  second  statement  is  proven  in  the  same  manner. 


[V.20]  PROPOSITION.  Let  ACIR4,  X  €  ]R3,  t  S  ]R. 


U)  1(5  A  open  [cZoied],  then  A(x,t)  -U  open  [ctoied] 
[■U]  A(x, t)-  c  A“(x,t); 

Uli)  A°(x, t)  c  A(x,t)°; 

Uv)  3{A(X, t) }  C  { 3A> (X, t)  -  U?>Q  OB*  (X)n(8A)  }. 

PROOF.  (i),  (ii) ,  and  (iii)  follow  from  the  definition  A(X, t)  : 
^(X  t) ^  an<*  C^e  continuity  ^(x  t) ’  uPon  recalling  the  various 
well-known  necessary  and  sufficient  conditions  for  the  continuity  of 
a  function  from  one  topological  space  to  another,  in  terms  of  inverse 
images . 


(iv)  The  inclusion  here  is  proven  by  using  (ii),  [V.19.i], 


and  the  second  statement  of  [V.19.H],  writing 


3{A(X,t) }  -  A(x,t)~nA(x,t) -  A(X,t)"nA’(X,t) 
c  A~(x,tW(x,t)  -  {A~nA'_} (X, t) 

-  (3A}(x,t). 


The  equality  is  simply  an  application  of  [V.18.iii].  □. 


It  shall  also  turn  out  to  be  important  to  know  how  X  is 
situated  relative  to  A(X,t),  both  set-theoretically  and  topologically 
In  general,  we  have  the  following  facts  concerning  this  question: 


PRO 

P  0  S  I  T  I 

0  N. 

LeX  A  c  ]R  , 

Ul 

x  e  A(x,t) 

(X.t)  €  A; 

i^U) 

X  €  A(X,t)° 

'  U 

(X.t)  e  A°; 

l-cu) 

x  e  A(x,t)“ 

’  u 

(X.t)  6  A*"'; 

Uv) 

(x.t)  e  3A 

u 

X€  3{A(X,t)}. 

PROOF.  (i)  X€  A(X,  t)  iff  P(x  t)(X)  e  A.  But  P(x  t)  (X)  - 


(X,t). 


(ii)  From  (i) ,  (X,t)  6  A°  implies  that  X€  A°(X,t)  C 

A(X,t)°,  the  latter  inclusion  being  just  [V.20.iii]. 

(iii)  Using  (i) ,  if  (X,t)  €  A  then,  since  A  '  -  A’°, 
we  find  X  €  A’°(X,t)  C  A'(X,t)°  -  A(X,t)’°  -  A(X,t)“\ 


(iv)  By  [V.20.iv] ,  X€  3{A(X,t)}  gives  X€  {3A}(X,t), 


so  (i)  shows  that  (X, t)  €  3A.  □. 

In  general,  statements  stronger  than  [V.20.ii-iv]  and 

[V.21.ii-iv]  cannot  be  made,  as  simple  counterexamples  will  show.  We 

4 

should  like  to  identify  a  family  of  subsets  of  H  for  which  the 
inclusions  of  [V.20.ii-iv]  can  be  strengthened  to  equalities,  and  for 
which  the  converses  of  [V.21.ii-iv]  are  also  true.  Moreover,  this 
family  should  include  IB  and  fi°,  for  any  motion  M,  and  we  shall 
demand  that  any  retardation  of  a  closed  [open]  set  in  the  family  be 
regularly  closed  [open].  The  next  definition  identifies  such  a  family. 

[V.  22]  DEFINITION.  Let  A  C®4.  Then  we  say  that  A  is  of 
type.  (t£)  iff  whenever  X,Y  t  €  ]R,  and  (Y,  t-  —  r  (Y))  €  3A, 

then  {B^(Y)xR}nC  (X, t)  meets  both  A°  and  A'°  for  each  e  >  0.  ■. 

[V.23]  REMARKS.  The  designation  "type  (t£)"  is  meant  to  be 
reminiscent  of  the  term  "time-like"  (which  already  has  a  technical 
significance  in  the  study  of  hyperbolic  partial  differential  equations) . 
In  the  retardation  notation,  the  condition  (Y,  t-  ^  r„(Y))  €  3A 
can  be  restated  as  just  Y  €  Pr  (3A^C_(X,t))  *  (3A}(X,t).  Since  the 
definition  is  symmetric  with  respect  to  A  and  A',  A  C]R4  is  of 

A 

type  (t£)  iff  A'  is  of  type  (ti) .  1R  and  0  satisfy  the  definition 

vacuously,  since  each  has  empty  boundary.  Otherwise,  i.e .,  if  A  is 
a  non-void  proper  subset  of  TR* ,  then  in  order  for  A  to  be  of 
type  (t£),  it  is  certainly  necessary  that  A0  and  A'°  be  non-void. 
Note  also  that  if  A  is  of  type  (t£)  and  (X,t)  €  3A,  then 
{B^X)*®}^  (X,t)  meets  both  A0  and  A’0 


for  each  e  >  0,  whence 


it  easily  follows  that  (X,t)  €  A  nA'  ;  it  is  not  surprising,  then, 
that  if  A  is  open  [closed] ,  it  is  necessarily  regularly  open  [closed] ; 
cf.,  [V.24.v],  infixa. 

3 

Finally,  for  X,Y  €  ]R  ,  tSIR,  and  e  >  0,  we  record  the 
obvious  equality 

(B3(Y)*R}pC_(X, t)  -  {(Z,  t-irx(Z))|  Z  €  TR3 ,  ry(Z)  <  e}. 

[v. 24 ]  proposition.  Let  A  c  tr*  be  oh  type  (t i) .  Chocte 
xem3  and  ten.  Then 

U)  A°(x,  t)  -  A(x,  t)°; 

Id.)  3{A(X,  t) }  -  { 3 A }  (X,  t)  -U  {3B3  (X)n(3A)  }; 

C>p  c£  t-c 

in  paxtiaxlax,  theAe  it  nc  ambiguity  in  the  meaning  orf 
the  tymbcl  "3A(X,t)"; 

liii.)  A“(x,  t)  -  A(x,  t)~; 

Uv)  i{  A  li  doted  [open],  A(x, t)  it  xegulaxZy  doted 

[open]; 

M  i$  A  it  doted  [open],  A  it  xeguZaxty  doted  [open]. 

PROOF.  (i)  According  to  fv.20.iii],  we  need  only  prove  the 
inclusion  A(X,t)°  C  A°(X,t).  Then  let  Y€  A(X,t)°.  B3(Y)  C  A(X,t) 

for  some  e  >  0,  so  Z  €  A(X, t) ,  i.e. ,  (Z ,  t-  —  rY(Z) )  €  A, 

C  A 

3 

whenever  Z  and  r„(Z)  <  e.  That  is. 


{B^(Y)x]R}nC_(X,t)  -  {(Z,  t-  ^  rx(Z) )  I  Z61J,  rY(Z)  <  e}  C  A. 

In  particular,  {B£(Y)xJ*}nC  (X, t)  does  not  meet  A'0,  so  we  cannot 
have  (Y,  t-  —  r  (Y))  G  3A,  since  A  is  of  type  ( t £. ) .  We  do  have 

C  A 

Y  €  A(X,t),  so  (Y,  t-  ~  rx(Y))  €  A.  Thus,  (Y,  t-  ~  rx(Y))  € 

AP(dA)'  ■  A°,  so  Y  €  A°(X,t),  and  the  proof  of  (i)  is  complete. 

(ii)  According  to  [V.20.iv],  we  need  only  prove  the  inclusion 
OA}(X,t)  C  3{A(X, t)}.  Suppose  Y  €  (3A}(X,t),  so  that 

(Y,  t-  |  *X(Y))  €  3A.  If  we  assume  that  Y  G  A(X, t)°,  then,  just  as 
in  the  reasoning  of  (i) ,  we  find  {B^(Y)xR}riC_(X,  t)  C  A  for  some 
e  >  0,  which  is  impossible,  since  A  is  of  type  (ti)  and 

(Y,  t-  rx(Y))  €  3A.  Similarly,  the  assumption  that  Y  G  A(X,t)'°  * 
A’(X, t)°  leads  to  the  inclusion  {B*(Y)x]R}nC  (X, t)  C  A'  for  some 
6  >  0,  which  is  again  an  impossibility,  since  A  is  of  type  (tn). 
Thus,  we  must  have  Y  G  A(X, t)°'nA(X, t) '°'  -  A(X,t) ,-nA(X,t)~  * 

3{A(X, t) } . 

(iii)  Using  (ii)  and  [V.19.ii],  we  can  write 

A~(X,t)  -  (AU3A}(X,t)  -  A(X, t)u{ 3A} (X, t) 

-  A(X, t)*J3{A(X,t) }  -  A(X,t)~. 

(iv)  Suppose  A  is  closed.  Then  A(X, t)  is  closed,  so 
A(X,t)°  C  A(X, t).  To  prove  the  reversed  inclusion,  let  Y  €  A(X,t). 

We  can  suppose  that  Y  €  3{A(X,t)},  for,  A(X,t)  *  A(X, t)°U3{A(X,t) } 
(since  A(X, t)  is  closed)  and  the  assumption  Y  6  A(X,t)°  obviously 
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leads  to  Y  6  A(x,t)°  .  Now,  by  (ii),  Y  £  S{A(X, t> }  *  {3A}(X,t), 
so  (Y,  t-  —  r  (Y))  €  3A.  But,  A  being  of  type  (t £) ,  we  then  know 

C  X 

that  {B3(Y)*m}nC_(X,t)  -  {(Z,  t-^rx(Z))|  ZS1R3,  ry(Z)  <  e} 
meets  A°  for  each  e  >  0.  Clearly  then,  we  can  construct  a  sequence 
(Zi)”  C]R3  such  that  lim  Z±  -  Y  and  (Zit  t-  £  r  (Z  ))  £  A° 

"*■  “  ^  4  CO 

for  each  i  £  U,  t.e.,  Z^  £  A°(X,t)  *  A(X,t)°  for  each  i  Gi,  The 
existence  of  such  a  sequence  shows  that  Y  £  A(X,t)°  .  Thus,  A(X,t) 
is  regularly  closed. 

Now,  suppose  A  is  open.  Then  A'  is  closed  and  of  type 
(ti),  so  A'(X, t)  is  regularly  closed,  by  the  first  part  of  the  proof. 
Then  A(X,t)'  (*  A'(X, t))  is  regularly  closed,  whence  A(X, t)  is 

regularly  open. 

(v)  .Observe  that,  if  A^^  C  ]r\  then  A^  »  iff 
A^(Y,£)  *  A^Y.C)  for  each  (Y,£)  €  IrS  this  follows  directly  from 
[V.21.1].  Now  suppose  A  is  closed.  For  each  (Y,£)  €]R^,  A(Y,£) 

is  regularly  closed  (by  (iv)),  so,  using  (i)  and  (iii) ,  A°  (Y,£)  • 
A(Y,0°  *  A(Y,C).  The  equality  A0”  ■  A  follows  from  the  observation 

just  made.  The  proof  that  A  is  regularly  open  whenever  A  is  open 
is  quite  similar,  so  we  omit  it.  □. 

/  O 

[v.25]  proposition.  Let  A  c  tr  be  o$  type,  (t i) ,  x  em  , 
and  t  6  ]R.  Then 

U)  X€  3A(X,t)  m  (X,  t)  6  3 A ; 


■  v  T7  '.*w  7  v 


» 
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fr  .*■ 


(^)  X  e  A(X,t)0  (X, t)  €  A°; 


Uli)  X  €  A(X, t)~  m  (X,t)  e  A"; 


Uv)  X€A(X,t)“'  (X,t)  €  A"’. 


r-.- 

i 

fc: 

&• 

» 

£ 

V' 

W 


$ 


% 

ts 

£ 


M 


hi 


•*2 


$ 

t^k1 


PROOF.  These  are  immediate  from  [V.21.i]  and  the  equalities 
3{A(X,t) }  -  OA}(X,  t)  ,  A(X,t)°  -  A°(X,t)  ,  A(X,t)~  -  A'(X,t), 

and  A(X,t)-'  »A"'(X,t):  cf.,  [V.24]  and  [V.19.i].  □. 


We  can  give  an  alternate  characterization  of  sets  of  type  (t£): 

[V.26]  PROPOSITION.  Let  ACR4.  Then  A  -Li  type. 

(ti)  m,  whewveA.  xem3  and  t  &TR, 

OAKx.t)  C  A°(x,t)_rA,0(x,t)“. 

PROOF.  Suppose  A  is  of  type  («).  Choose  X  SIR3,  t  €  IR. 

Let  Y  €  { 3A) (X, t) ,  so  (Y,  t-  £  rx(Y))  £  3A.  Let  e  >  0. .  We  can 
find  CZlc»?le)  and  (Z2£,52e>  SIR4  with 

(zic,4le)  €  {B3(Y)xR}nC_(X,t)nA0, 

(z2e,c2e)  e  {B3<Y)xm}nc_(x,t)n4,°. 

Clearly,  *  t-  ~  rx^zle)  and  C2e  ■  t-  ~  rx(Z2c> ,  whence 

zie  e  Bc(Y)rA  (X, t) ,  Z2e  €  B3(Y)nA  °(X,t).  Thus,  each  neighborhood 
of  Y  meets  A°(x,t)  and  A’°(X,t),  giving  Y  €  A°(X,t)~ 'iA'°(X,t)~.~ 
+0bserve  that  equality  even  holds  in  this  case,  for,  by  [V.24], 

A°(x, t) ”f'A*°(x, t)~  -  A°“(x,t)nA'0"(x,t)  c  A~(x,t)nA’"(x,t)  - 

{A  °A'  }(X,t)  -  (3A}(X, t).  Of  course,  we  also  have  {3A} (X, t)  «  3{A(X, t) } 


»  w**  » »**«*'  J**  V'*  •'*  i,'*  ,**  j.N  ,**  .**  ,*■  .**  .  *'  ►“*  ,*•  ,**],'•  .N  k 


t? 


Conversely,  suppose  the  inclusion  holds  whenever  X  €  IR  , 

3  q 

t  SIR.  Choose  X  £1  ,  t  SIR,  and  suppose  Y  S  ]R  satisfies 
(Y,  t- J  rx(Y))  e  3A.  Then  YS{3A}(X,t),  so  Y  S  A°(X, t)”''A'°(X,t) 
Let  e  >  0.  Then  we  can  find  Z l£  S  B^(Y)nA°(X,  t) ,  Z ^  S 
Bg(Y)nA’0(X,t).  It  follows  easily  that 

(Zle,  t-^rx(Zl£))  €  {B^(Y)x]R}nC_(x,t)r%40, 

(Z2e,  t-^-rx(Z2e))  S  {B^(Y)x]R}nc_(X,t)rA'0. 

Therefore,  A  fulfills  the  requirements  of  [V.22].  □. 

Having  [V.26],  we  can  now  show  that  Postulate  [V.l.iv]  yields 
the  following  important  result: 

[  V.  27]  PROPOSITION.  LeX  M  be  a  motion.  T/ien  thz 
anocicitzd  ieti  3B  and  8a  ate  o{  type  (t z) . 

PROOF.  Since  0°  :*B',  it  suffices  to  show  that  B  is  of  type 

3 

(ti).  Choose  X  S  ]R  and  t  SIR.  According  to  [V.26],  we  must  prove 
that 

(3B}(X,t)  C  B0(X,t)"mB’(X,t)"  ( 

(recall  that  IB’  is  open).  Suppose  first  that  M  is  a  null  motion, 
so  that  8^  *  8q  for  each  ?  S  ]R,  and  B  ■  6qxR.  It  is  easy  to  see 
from  [V.18.ii]  that  B°(X,t)  *  8q,  since  0B°)^  *  Sq  for  each  £  S  1R 
Similarly,  B'(X,t)  -  8^,  and  {3B}(X,t)  -  38Q.  Thus, 

{ 3B} (X, t)  -  3B_  -  B.ns:"  -  -  B°(X,  t)"r® ’  (X,  t)". 


having  used  the  fact  that  Bq  is  regularly  closed.  Thus,  (1)  holds 
in  this  case. 

Assume  now  that  c*  >  0.  Suppose  that  Z  £  (3B}(X,t),  so 

we  have  Z  £  (3B)  .  *  38  .  .We  shall  first  show  that 

t-  i  rx(Z)  t-  i  rx(Z) 

Z  £  B°(X, t)  :  using  fV.l.iv],  choose  e£  (0,2n(Z,  t-  — r  (Z))], 

C  A 
3 

and  let  e/2:  t -e/2,  e/2]  •*  1R  be  a  continuous  function  such  that 


PI  e/2U)  S  Bw2<2rnB°  1  1 

1,1 '  '  t-  i  rx(Z)+  ±  { 

whenever 

Ul  1  e/2.  (2) 

We  define  f  :  [-e/2,  e/2]  -*•  1R  by 

I ,  e 

=’  rX(Z)-rX<PI,i:/2<!)) 

for  |c| 

|  1  e/2.  (3) 

Clearly,  | f I  £U)|  <.  |z-px  £/2^^3  -  e^2  if  1^1  -  £/2»  by  show~ 

ing  that  f_  ([-e/2,  e/2])  C  [-e/2,  e/2].  The  continuity  of  f 

1 ,  c  L  ,  e 

follows  from  that  of  p_  ...  Using  a  familiar  fact,  we  can  now  assert 

A  »  C  /  L 

that  fT  possesses  a  fixed  point  £  [-e/2,  e/2].  By  (3),  this 

x  ,  C 

number  satisfies 


<r.  - 

«• 

M 


r-  /- 
*■> 


>v 


in  B  (X, t) .  Thus, 

PI .t/2^  6  Be/2(Z>"nB°(x>t)  c  Be3(Z)rB°(X,t). 

We  conclude  that  B3(Z)i~>b°(X, t)  j4  0  for  all  sufficiently  small  positive 
e,  so  Z  €B°(X,t)  .  By  using  the  other  half  of  Postulate  [V.l.iv] 
in  an  analogous  manner,  one  can  show  also  that  Z  €B’(X,t)~. 
Accordingly,  (1)  holds  in  all  cases.  With  this,  the  proof  is 
complete.  □. 


We  shall  digress  here  briefly  from  the  major  line  of  develop¬ 
ment,  for  the  purpose  of  amplifying  the  remarks  of  [V.2.b].  Specifical¬ 
ly,  we  intend  to  identify  a  condition  which  is  at  once  reasonably  weak, 
easily  verified,  and  implies  [v.l.iv]. 

[V.28]  DEFINITION.  A  iinitZ  conz  in  ]Rn  is  a  set  of  the 
form 

B"(xv)0{xv-»-A(y-xv)  |  y€  b"(x)  ,  X  >  0}, 

wherein  h  >  0,  S  >  0,  and  x^  and  x  are  points  of  ]Rn  with 
|x-xvln  >6;  Xy  is  termed  the  vz/itzx  of  the  cone,  h  its  height, 
and  sin  *(5/|x-xvln)  its  vzAtzx  haJLi~angtz.  ■. 


is.,  u.ri  uautacu 


[V.29]  PROPOSITION.  Lzt  ({8.}^, 
tAiplz  poaeA-iing  thz  pnopzAtizA  ducAibzd  in  [v.l.i,  ii,  and  iii] 
and  aJUiO  t>a tU&ying  thz  fiottcuiing  condition: 


[V.l.iv]’  ii  c*  >  0,  thzn  whznzvzx  ?  e  ir  and  Z  e 

I  E  3 

thzxz  zxi&t  iinitz  conzA  C  (z,;)  and  C  (z,;)  in  tr  , 
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utith  common  veAtex  at  Z,  with  vertex  hali~angle&  0X(z,O 


£ 

and  e  (Z,;),  Keipectivety,  tatitiying 

sin  0*(Z,c)  >  c*/c  ion.  i  *  I  OK  E 

and  4udi  that  CX(z,?)  c  8°  and  CE(Z,c)  c  8^. 

Then  the.  ondcKcd  triple  al&o  iuliillA  the  KequiKementi  o{,  [v.l.iv], 
whence  it  belong 4  to  ]M  and  geneKata  a  motion. 


PROOF.  If  c*  *  0,  then  [V.l.iv]  follows,  as  we  have  already 
observed  in  [V.5.c].  Now,  suppose  that  c*  >  0.  Choose  q  G  ]R,  then 
Z  €  38^,  and  let  CX(Z.O  and  CE(Z,S)  denote  finite  cones  in  1R3 
as  in  [V.l.iv]' .  Let  HX(Z,C)  denote  the  height  of  CX(Z,c),  and 
select  e  €■  (0,  y  hX(Z,?)].  Let  Z  denote  the  point  of  CX(Z,c) 
which  lies  on  the  axis  of  this  cone  at  distance  \z-z\^  *  e  from  Z. 
Define  pl£S  [-e,e]  -*•  IR  by  simply  setting 


PT  (O  Z  for  Ulie. 


We  shall  show  that  Z  €S  8  .  whenever  1 £ 1  <_  e,  whence  it  shall 

5 

obviously  follow  that  p^c  fulfills  the  requirements  of  [V.l.iv]. 
Because  c  /i^(Z,0,  it  is  easy  to  see  that 

B3  T  (Z)  C  C1 (Z,;)  C  8°, 

e»  sin  0  (Z,C)  ^ 

so  Z  €  8°,  with 

dist  (Z,3S„)  >  c*  sin  0X(Z,?)  >  e*  —  , 

4  ~  c 


-45- 


the  second  inequality  holding  by  (1).  Now,  recalling  [V.12.i]  (the 
validity  of  which  derives  from  [v.l.i,  ii,  and  iii]  alone,  as  one  can 
easily  check) ,  we  find  that 

Z  €  8°  .  whenever  |?|  <  ~  dist  (Z,38  ), 

r+if  c  5 

c 

which,  with  (2),  implies  the  desired  result 

Z  6  8°  .  whenever  |  5  |  <_  e  . 

E  E 

Similarly,  if  we  denote  the  height  of  C  ( Z,?)  by  h  (Z,c),  suppose 
that  e  6  (0,  y  h  (2,0],  and  take  Z  to  be  the  point  of  C  (Z,0 
lying  on  the  axis  of  this  cone  with  | Z  — Z | ^  -  e,  we  can  again  use  (1) 
to  conclude  that 


Z  €  B'  , 


whenever 


Thus,  the  function  £;!-»■  PEe(0  'm  Z  on  [-e,e]  fulfills  the  require 

ments  of  [V.l.iv].  We  have  now  shown  that,  if  c*  >  0,  [V.l.iv] 

1  I  E  • 

holds  with  n(Z.O  *  y  min  {/i  (Z,0,  ft  (Z,C)},  completing  the 
proof.  □. 


[V.30]  REMARK.  To  carry  the  result  of  [v.29]  over  to  the  set¬ 
ting  in  which  we  shall  later  work  exclusively,  again  let  ({B^g^.R.X) 
be  an  ordered  triple  as  in  [V.l.i,  ii,  and  iii],  but  now  assume,  in 
place  of  [V.l.iv]’,  that  3B^  is  a  (2,3;l)-manifold  for  each  ?  €]R. 
Then  we  can  show  that  [V.l.iv]',  and  so  also  [V.l.iv],  is  fulfilled, 
implying  that  the  triple  belongs  H.  In  fact,  let  c  €  1R  and  Z  £  38^, 
and  choose  any  0  €  (0,  n/2):  we  shall  show  that  there  are  finite 
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cones  C*(Z,C)  C  8°  and  C^(Z,0  C  8^,  each  having  vertex  at  Z  and 

vertex  half-angle  equal  to  8.  Then,  if  c*  >  0,  since  c*  <  c,  we 

can  surely  select  0  so  that  sin  0  >  c*/c,  and  so  find  cones 

satisfying  the  requirements  of  [V.l.iv]'.  To  verify  the  claim,  we 

note  first  that  8°  is  regularly  open  ([v.2.f]),  so  9(8°)  *  9B^, 

and  [1.2.29]  asserts  that  8°  is  1-regular.  Thus,  we  can  find  a 

1  3 

positive  p  and  a  function  4>  £  C  (B^(Z))  (each  depending  upon  the 
particular  C  €  ]R  and  Z  G  98^  which  were  chosen)  such  that  grad  <J> 

3 

is  non-vanishing  in  B  (Z) , 

P 

98  <^B3(Z)  -  (Y  G  B3(Z)|  $(Y)  -  0}, 

C  p  P 

and 

bWJ(Z)  -  (YG  B3(Z)  |  *(Y)  <  0}  (1) 

(with  a  corresponding  equality  describing  8^Bp(Z)).  Now,  select  a 
number  feG  (0,p]  such  that 

|  grad  $(Y)  -grad  $(Z)]3  <  cos  0  *|grad  4>(Z)|3  for  Y€  B3(Z).  (2) 

Writing  vaR  (Z)  :■  v  (Z)  »  [grad  <I>  (Z)  |  grad  <t(Z)  (cf., 

C  9(8°)  3 

[1.2. 32.b]) ,  for  each  ?  ejR3n{Z}'  let  e^Y)  cos-1  (| Y-z|”X- 
(Y-Z)«Vgg  (Z)),  Z.e..,  8^(Y)  €  [ 0 , tt 3  and  is  the  angle  formed  by 

v (Z)  and  (Y-Z) .  The  set 
98? 

CX(Z,0  {Y  G  B3(Z)n{Z}’|  0y(Y)  G  (tt-6,  tt]} 

3 

is  clearly  a  finite  cone  in  ]R  with  vertex  at  Z,  height  h,  and 
vertex  half-angle  0;  we  now  prove  that  C*(Z,;)  C  S°:  for 


Y  €  C  (Z,0,  we  can  use  the  mean-value  theorem,  (2),  and  the  obvious 
facts 

cos  0y(Y)  <  cos  (tt-0)  *  -cos  6  <  0 

and  <t(Z)  *  0  to  write,  for  some  lying  between  Y  and  Z  on  the 

straight  line  segment  joining  these  points, 

$(Y)  -  grad  *(YZ)  •(Y-Z) 

1  grad  $(Z)  • (Y-Z)+| grad  ^(Yj  -grad  *(Z) | 3* |Y-Z|3 
-  cos  0y(Y) • | grad  *(Z) | y | Y-Z | 3 
+ | grad  *<YZ)  -grad  *(Z) | 3* j Y-Z | 3 

<  {-cos  0  •  |  grad  4>(Z)|3  +Jgrad  $(YZ)  -grad  <J>(Z)  |  3>  •  \  Y-Z  \  3 

<  0. 

This  implies  that  Y  6  B°,  in  view  of  (1),  completing  the  proof. 

A  similar  line  of  reasoning  reveals  that  the  finite  cone 

CE(Z,;)  {Y  €  BjJ(Z)n{Z}’|  0V(Y)  €  [0,3)} 

(with  vertex  at  Z,  height  h,  and  vertex  half-angle  0)  lies  in  S^. 

We  return  now  to  examine  further  implications  of  [V.l].  One 
of  our  principal  goals  is  the  study  of  the  retardations  of  the  sets 
B  and  0°  associated  with  a  motion  M.  Indispensable  for  this  study 
are  the  existence  and  properties  of  the  family  of  "retardation  functions 
generated  by  any  motion,  which  we  shall  simply  introduce  here,  intending 
to  provide  later  a  more  detailed  exposition  of  their  characteristics. 
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tv.  31]  T  H  E  0  R  E  M.  Let  M  be  a  motion,  and  (R,x)  a  Ke^eAence 
paift  ho> i  M.  Connei ponding  to  each  P  e  3R,  x  sir  ,  and  t  em, 
thene  exAJtti  a  unique  non-negative  nwvbea  i(P;X,t)  uiith  the  pnopentij 

rx(x(P,  t-x(P;X,t)))  -  cx(P;X,t) . 

3 

PROOF.  Fix  P  e  3R,  X  6]R  ,  and  t  €  ]R.  Define  an  associated 
function  F:  [0,®)  -►  [0,®)  according  to  F(t)  :■  ^  rx(x(P,  t-T)) 
for  each  x  ^  0.  If  x^  and  x2  are  non-negative, 

jF(x2)-F(x1)  |  |x(P,  t-x2)-x(P,  t-x1)|3_<|-  |  x2-x1 1  , 

whence  it  follows  (since  c*  <  c)  that  F  is  a  contraction  on  (the 
complete  metric  space)  [0,®)  into  Itself.  Banach's  contraction 
mapping  principle  therefore  yields  the  existence  of  a  unique  fixed  point 
x(P;X,t)  for  F,  i.e.,  a  unique  x(P;X,t)  £0  for  which 
F(x(P;X,t))  «  x(P;X,t).  This  is  just  the  assertion  of  the  theorem.  □ 

We  can  now  supply  a  catalogue  of  properties  of  the  sets  B(X,t) 
and  fi°(X,  t) ,  for  X€]R^,  t  €  3R,  associated  with  a  motion  M. 

[v.32]  THEOREM.  Let  M  be  a  motion.  Chooie  X6l3  and 
ten. 

[i)  B(X,  t)  i&  non-void,  compact,  and  KeguZanty  cZoted; 

[it)  n°(X,t)  -B(X,t)';  n°(X,t)  i6  non-void  and  neguZaaty 

open ; 

UU)  3{B(X, t) }  -  (aBKX.t)  -VJ  {3B*  (X)098  }; 
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Uv)  TB(X,t)°  -B°(X,t)  -  U  { 3B3  (X)n8°  }; 

C?  t-% 

(w)  -  fl°”(x,t)  -  u  {3B*  (X)nB’”  }; 

?>0  C? 

(v-t)  xeB(x.t)  ^xe\;  xen°(x,t)  xeB^; 

(v-tc)  X6JB(X,t)0  IU  x  €  B°; 

(v^U)  X€3B(X,t)  X  €  3Bt; 

Ux)  b(x, t)  and  n°(x,t)  oj le  -6t£tdt4-tc  M. 

PROOF.  (i)  Let  (R,x)  be  a  reference  pair  for  M.  Choose  any 
P  €  3Rf  and  let  t(P;X,t)  be  as  in  [V.31].  Then 


X(P,  t-T(P;X,t))  €  Bfc_T(p;X  t)  ■®t_T(P;X>t) 


Jrx(x(P,  t-t(P;X,t))); 


with  [V.18.ii],  it  clearly  follows  that  x(P,  t-i(P;X,t))  €B(X,t). 

Consequently,  we  have  shown  that  B(X,t)  i  0.  Next,  since  B  is  closed, 

B(X,t)  is  regularly  closed,  by  [V.24.iv].  We  must  show  then  that 

B(X,t)  is  bounded.  For  this,  note  that,  since  Sc  is  bounded,  there 

3  3 

is  some  sn  >  0  for  which  B-  (8_)  C  B  (X)  whenever  s  >  srt;  here, 

0  cs  t  cs  0  * 

c  has  been  chosen  in  (c*,c).  In  fact,  we  can  take 


sn  -  {dist  (X,B  )  +diam  8  }, 
u  c-c  c  c 

since  then,  s  >  Sq  implies  cs  >  cs  +dist  (X,8t)  +diam  B£,  and, 

3 

supposing  that  Y€  B-  (8  ),  we  find,  using  (1. 1.4.1), 

cs  c 
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rY(Y)  <_  dist  (Y,B  )  +dist  (X,B„)  +diam  B  <  cs. 

A  £  t  t 

Thus,  Y  €  (X)  whenever  Y  €  B?  (B  )  and  s  >  sA,  verifying  the 

cs  cs  t  U 

assertion.  Now,  according  to  [V.ll.i],  B  C  B?  (B  )  if  s  >  0. 

t-s  cs  t 

Consequently,  if  s  >  sn  we  have  B  C  B?  (8  )  C  B3  (X),  implying 

u  t-s  cs  t  cs 

thac  3B^g(X)<"'8  g  ■  0  for  s  >  s_.  Finally,  use  of  [V. 18. ill] 
yields 


’  U3>0  <3>cS<X)nBt-S, 


Us>0  (9Bcs(X)nBc-s} 


W„  {3B«<X)nSt-s}  C  Bcs0<X)"- 


so  lB(X,t)  is  bounded. 


(ii)  Since  n°  -  IB’,  [V.19.i]  shows  that  fi°(X,t)  * 

B’(X,t)  ■lKx.t)'.  The  boundedness  of  !B(X,t)  shows  that  fic(X,t)  ^  0, 
while  the  conclusion  that  SJa(X,t)  is  regularly  open  follows  from 
either  [V.24.iv]  (since  n°  is  open)  or  the  fact  that  B(X,t)  is 
regularly  closed. 


(iii) ,  (iv) ,  (v)  All  of  (iii)  and  the  first  equalities  in  (iv) 
and  (v)  are  immediate  from  [V.24.i,  ii,  iii],  since  B  and  n°  are 
of  type  (ti.)  ( [V.27]) .  The  equalities  OB0)^  -  8°,  (fla“)  -  B’“, 
for  each  c  €  ]R,  follow  from  [V.15.ii];  using  these  in  conjunction 
with  [V. 18. iii]  produces  the  second  equalities  in  (iv)  and  (v) . 

(vi)  By  [V.21.i] ,  X€B(X,t)  iff  (X,t)€B,  i.z.  ,  iff 
X€Bt«8t.  Thus,  X  €  n°(X,t)  -B(X,t)’  iff  X£8[. 


(vii)  This  follows  from  (iv).  Alternately,  since  B  is  of 
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type  (tO,  X€B(X,t)°  iff  X€E°(X,t),  iff  (X,t)  6B°,  iff 

X  S  CB°)t  -  8°. 

(viii)  This  statement  follows  just  as  that  in  (vii)  (the 
equality  (3B)t  -  38t  is  implied  by  [V.lS.iii]). 

(ix)  Recall  that  the  positions  8^,  5  are  intrinsic 

to  M.  Since  B(x,t)  -  U  {3B  (X)n8  }  and  fl°(X,t)  - 

*  c£  t-C 

2 

u^>0  { 3Bc^(X)f^8^_^}  it  is  clear  that  B(X,t)  and  n°(X,t)  are 
intrinsic  to  M.  □. 

[V.33]  REMARK.  Let  M  be  a  null  motion.  In  this  case,  all 
of  the  retardations  of  IB  and  fl°,  which  are  now  cylinders,  are 
easily  described.  In  fact,  B^  -  8^  -  Bq,  and  n®  -  B^  ■  Bq, 
for  each  C  €  1R.  From  either  [V.18.ii]  or  [V.18.iii],  it  is  then 
clear  that  B(X,t)  ■  Bq  and  fia(X,t)  »  Bq,  for  every  choice  of 

3 

X  €]R  ,  t  €]R.  In  view  of  this,  the  statements  of  the  just-proven 
Theorem  [V.32]  are  reduced  to  trivialities  in  the  case  of  a  null  motion 
The  retardation  functions  acquire  a  particularly  simple  form  in  this 
instance,  as  well.  For  example,  taking  the  reference  pair  (B^,x°) 
for  M,  where  x°(*,C):  3Bq  3Bq  is  the  identity  for  each  c  €  ]R, 
it  is  obvious  that  the  corresponding  retardation  function,  x°,  is 
given  by  T°(P;X,t)  -  J  ^(P) ,  for  each  P  €  3BQ,  X€]R3,  t  6 1R. 

It  turns  out  that  these  circumstances  allow  an  investigation  of  scatter 
ing  by  stationary  bodies  which  is,  in  all  senses,  simpler  than  the 
analysis  required  in  the  case  of  a  non-null  motion. 


[ V- 34 ]  REMARK.  It  was  noted  that  a  knowledge  of  the  properties 
of  the  retardation  functions  associated  with  a  motion  is  essential  for 
the  constructions  to  be  undertaken  later.  We  begin  here  with  a 
description  of  the  characteristics  of  these  functions. 

Recall,  then,  that  if  AJ  is  a  motion,  with  any  reference  pair 

(R,X)  for  A<  there  is  associated  uta  [V.31]  a  unique  "retardation" 

+  .  3 

function  t:  3R*H  x]R  [0,<*>)»  defined  implicitly  by  the  requirement 

rx(x(P,  t-T (P ;X, t) ) )  =  ct (P;X,t) , 

3  (1 

for  each  P6  5R,  X  €  1R  ,  t€]R. 

Suppose  that  we  think  of  the  points  of  3R  as  "the  particles"  com¬ 
prising  the  surface  of  the  moving  body  at  each  instant:  the  path  traced 

by  the  particle  P  €  3R  is  described  by  the  function  x(P,*): 

3  3 

]R  -►  R  .  Choose  X  €  ]R  f  t  and  suppose  that  a  spherical  wave- 

front  emanates  from  X  at  time  t,  travelling  with  speed  c.  Let  P 
retrace  all  its  previous  positions  in  reverse  order,  starting  from 
X(P,t)  at  time  t  (*.£.,  "run  the  movie  film  backward,  at  the  same 
speed").  Then  r(P;X,t)  is  the  duration  of  time  required  for  the 
spherical  wave  to  intercept  the  particle,  overtaking  it  at  the  position 
X(P,  t-x (P;X,t) ) . 

We  might  note  that  t  itself  is  not  intrinsic  to  M,  but 
each  range  { x (P ; X, t) |  PS  3R},  for  X  €  ]R  ,  t  €  IR,  is  an  intrinsic 

+The  notation  "x"  omits  any  indication  of  the  dependence  on  the 
particular  reference  pair  with  which  it  is  associated;  this  should 
cause  no  confusion. 


[V.35]  PROPOSITION.  Let  M  be  a  motion,  (R,x)  a  X  e£- 
ix ence  paix  jox  M,  and  t:  3fc<®  *®  -*■  [0,»)  the,  associated  xetaxda- 
tion  junction. 

U)  T(P;X,t)  -0  jox  some  pe  3R,  X  G  ®3,  tG®  ijj 
X  -  x(P,t); 

lii)  t  is  continuous; 

liii)  ij  x:  -*TR  is  continuous  in  its  jixst  axgument, 

unijoxmiy  in  its  second,  then  x  is  unijoxmly 
continuous ; 

Uv)  jox  each  jixed  P  G  aR,  t(P,*,*)  ^  Lipschitz  continu- 

4 

oua  on  ]R  ,  a nijoxmty  in  P;  in  jact,  ij 
(X^),  (X2,t2)  G®4, 

I t (PjXj, t2)-T  (P;X^ , t^)  |  c-c*  ^  ^ ^2_^1  ^  3"*^* ^  ^  ^  ^ 

PROOF.  (i)  Let  P  €  3R,  XG®3,  te®.  If  t(P;X,t)-0, 

then  r^(x(P,t))  ■  0,  i.e. ,  X  *  X(P,t).  Conversely,  if  X  ■ 

X(P,t),  then  t  ■  0  Is  a  solution  of  the  equation  rx(x(P,t-t))  »  ct 
Since  T(P;X,t)  Is  the  unique  solution  of  this  equation,  we  must 
have  T(P;X,t)  •  0. 

(11)  Suppose  P.  G  3R,  X.  G®3,  and  t.  G  ®,  for 
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r.  m  “V  .  T_4  ***’*.'<’.  *  •  * 


|T(P2;X2,t2)-x(P1;X1,t1)  | 

"  c  irx2(x(P2’t2‘T(P2;X2*t2)))‘rX1(x(Pl’trT(Pl;Xl’tl)))l 
1  c  lrX2(x(P2,t2_T(P2;X2,t2)))"‘rX2(x(Pl’tl_T(Pl;Xl,tl)))l 
+  ~  lrx2<X(P1,t1-T(P1;X1,t1)))-rx^(x(P1,t1-T(P1;X1,t1)))| 

1“  lx(P2,t2-T(P2;X2,t2))-x(P1,t1-x(P1;X1,t1))|3+i  \^l\3 
i  c  I X <p2 » VT  (p2  ;X2 » t2)  ) -x (P2 , tl-x  (P2 ;X1,t1))  |3 
+  c  lx(P2.t1-T(P1;X1,t1))-X(P1,t1-T(P1;X1,t1))!3+i  ^-X^ 

i  c  lx(p2*trT(pi;Xi*ti))"x<pi,trT(pi;Xi*ti))l3 

+  ~  t|t2-t1|+|r(P2;X2,t2)-T(P1;X1,t1)|>+i  jX^X^, 

from  which  we  find 

|x(P2;X2,t2)-x (Pj^jXj^,  tx>  | 

1“T  {|x(P2.t1-T(P1;X1,t1))-X(P1,t1-r(P1;X1,t1))|3  (2) 

+|X2-X1|3+c*|t2-t1|}. 

Since  the  function  P  (-*■  x(P»tj-x(P2;X2,t^))  is  continuous  on  3R, 

the  continuity  of  x  at  (P^.X^.t^)  follows  from  the  latter  inequality. 

Thus,  x  is  continuous. 

(iii)  The  hypothesis  here  is,  more  specifically:  given 
P  €  3R  and  c  >  0,  there  is  a  6(P,e)  >  0  for  which 


-55-. 


|x(Q.C)-X(P*0  l3  <  C  whenever  Q€  3RnB(5^p  £^(P)  and  ;  €  R.  From 
the  compactness  of  3R,  it  follows  easily  that  x  is  then  uniformly 
continuous  in  its  first  argument,  uniformly  in  its  second:  given 
e  >  0,  there  is  a  S£  >  0  such  that  |x(p2»^^“x^Pi,?^ I3  <  e  whenever 
P^,P2  e  3R  with  | P2“Pi 1 3  <  fig  and  ?  €  ]R.  in  view  of  inequality 
(2),  the  uniform  continuity  of  t  follows. 


Note  that  if  x  is  uniformly  continuous  on  3R*1R,  then  it 
satisfies  the  hypothesis  of  (Hi) . 


(iv)  Set  Pj^  -  P2  ■  P  in  (2)  to  obtain  (1).  Then 

1  1  {l+(c*)2}1/2  1  1 

|T(P;X2,t2)-T(P;X1,t1)|  <  -  — -  |(X2,t2)-(X1,t1)|4, 


i.  Z. ,  t(P;*,*)  is  Lipschitz  continuous  on  K  ,  uniformly  in 

P  €  3R.  □. 


In  the  following  definition,  we  Introduce  the  notion  of  the 

4 

"retardation"  of  a  function  defined  on  a  subset  of  3R  ,  with  respect 
4 

to  a  point  in  1R  ;  we  do  this  in  two  settings. 

[V.36]  DEFINITIONS.  (i)  Let  A  CIR4  be  non-void,  and 
f  be  any  function  on  A.  Let  X  €  ]R  and  t  €  R.  If  A(X,t)  i  0, 
then  we  define  the  K zXaA.dat4.0Yi  o&  f  with  A.t&pzct  to  (X,t)  to  be 
the  function  fo(P^x  tj I  A(X, t)),  on  A(X,t),  and  denote  it  by 
If 1 [x  tj*  Thu8*  lf3[X  t]  is  &iven  on  A(X,t)  by 

tf][X,t](Y)  f(P(X,t)(Y))  "  f(Y’  *“c  rX(Y))*  for  Y€A<x*t>*  (1) 


Since  Y  €  A(X,t)  iff  P ^  tjC?)  €  A,  it  is  clear  that  [f]^  tj 

3 

is  well-defined,  and  is  defined  on  A(X,t)  Cir  . 

(ii)  Let  M  be  a  motion,  (R,x)  a  reference  pair  for  M, 

and  t  the  retardation  function  generated  by  (R,X).  Suppose  f 

3 

is  a  function  on  3Rx]R.  if  x  €  ]R  ,  t  €  ]R,  the  retardation  ol  f 

With.  respect  to  (X,t)^  is  defined  to  be  the  function  [f]^  t)  on 

3R  which  is  given  by 

[f](X,t)<p)  *-  f(P.  t-r(P;X,t)),  for  P  €  3R.  ■.  (2 

[V.37]  REMARKS.  (a)  With  notation  as  in  [V.36.1],  let  A  be 
of  type  (til).  We  wish  to  emphasize  the  fact  that  the  location  of  X 
itself  relative  to  the  domain  of  [f]jx  tj»  A(X, t),  depends  upon  the 
situation  of  (X,t)  relative  to  A:  that  is,  X£  A(X,t)  iff 
(X,t)  €  A,  X€  A(X,t)°  iff  (X,t)  6  A°,  X€  3A(X,t)  iff  (X,t)  G  3A 
etc. ,  because  of  [V.21.1]  and  [V.25]. 

(b)  Let  M  be  a  motion,  and  suppose  f  is  defined  on  one  of 

the  sets  B,  B°,  fl°,  or  3B,  with  values  in  ]Rn.  Suppose  XG]R^, 

t  €  R.  Then,  as  the  case  may  be,  [f]^  tj  is  defined  on  B(X,  t) , 

B°(X,t),  n°(X,t),  or  3B(X,  t),  with  values  in  Bn.  These  will  be 

the  situations  of  most  frequent  interest.  We  emphasize  that  the 

3 

domain  of  [f]jx  t j  is  a  subset  of  1R  . 

^Although  the  same  terminology  is  used  in  both  settings  (i)  and  (ii) , 
no  confusion  should  arise,  since  different  symbols  are  employed  in  the 
two  cases. 
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(c)  Let  M,  (R,x) .  and  x  have  their  usual  meanings.  Then 


X:  3R*]R-*-]R^,  so  [x]^x  J  3R  TB?  is  defined  by  [V.36.ii], 


whenever  X£1  ,  t  €  ]R.  Explicitly, 


[x](Xtt)(p)  “  X(P*  t_T(P;X,t))‘  for  P  €  3R»  XS3R-5,  t€B.  (1) 


Consequently,  the  condition  defining  x,  (V.34.1),  can  be  rewritten 


rxo[x](X  t)(p)  “  CT(p;X,t),  for  P  €  3R,  X€IRJ,  t  e  H. 


(d)  On  occasion,  it  will  be  convenient  to  employ  the  notation 


[f](P;X,t)  for  either  U][x>t](p>  as  in  [V. 36. i]  or  tf](Xt)(P) 


as  in  [V.36.11].  Due  regard  for  the  context  should  suffice  to  clarify 


the  meaning  in  any  situation. 


(e)  The  question  of  continuity  of  any  of  these  retarded 


functions  is  certainly  easily  settled.  With  notation  as  in  [v.36.i], 


if  f:  A  -*]Rn  is  continuous,  then  [f] .  A(X,t)  ■+■  ]Rn  is 

l^t  *  J 


continuous,  since  ^  is  continuous.  With  notation  as  in 


[V. 36.il],  if  f:  3R*R  -*■  ]Rn  is  continuous,  then  [f]^  :  ^  -*-IRn 


is  continuous,  being  the  composition  of  f  with  the  continuous  map 


P  **  (P,  t-x(P;X,t))  on  3R  into  3R*1R  (the  continuity  of  x(*;X,t) 


following  from  [V.35]). 


The  following  fact  is  fundamental. 


[V.38]  PROPOSITION.  Let  M  be  a  motion,  (R,x)  a. 


AetfeAence  P<ua  ^oa  M,  and  x  the  auociated  net/vidation  function. 


3  3 

Lz£  X  €  ]R  ,  t  £1,  Then  fx]^x  :  3R  -*•  R  Li  a  lwme.omoA.ph-i.im  o ^ 

3R  onto  3B(X,t). 

3 

PROOF.  X:  3R*]R  -*•11  is  continuous,  so  the  continuity  of 
IX1(X  follows,  as  a  special  case  of  the  results  of  [V.37.e].  Now, 
suppose  Px,  ?2  €  3R,  and  Ix]^  tj(Pj)  -  [x](x  (p2)  •  From 

(V.35.2),  we  find  that  t(P^;X,t)  -  tCP^jX.t);  denoting  the  common 
value  by  t,  then  *  x CP2 » t— *  Since  x(*»t-i)  is 

injective,  we  conclude  that  P^  *  Thus,  [x] ^x  Is  an  injection. 


Next,  we  show  that  [xl^x  t^(3R)  *  3B(X,t):  recall  ( [ V. 32 . iii ] ) 

that  aiB(X,t)  (:-  3{B(X,t)}  -  (3B}(X,t))  -  U  _  {3B3  (X)naB^  }, 

c?  t -£ 

so  Y  €  3B(X,  t)  iff  Y  €  3B3  (X)^3S  for  some  C  >  0,  whence  it 

c  C  t- 1,  — 


is  clear  that  Y  €  3B(X,t)  iff  Y  €  38 


t-  f  rx(Y) 

P  €  txl(Xft)(P)  -  X(P,  t-T(P!X.t»  €  3Bt_T(p;X>t) 


.  But ,  whenever 


J  ,  ,  so  [x],v  „v(P)  £  31B(X,t)  for  each  P  €  3R. 

i  VW(x,t)«,»  lx,t> 


On  the  other  hand,  suppose  that  Y  €  3B(X, t).  Then  Y  S  38  . 

*-  o  rX«> 

X(3R,  t-  i  rx(Y)),  so  Y  -  x(py,  t-  ~  ^(Y))  for  some  Py  €  3R. 
Obviously  then,  c*  7  r  (Y)  -  rv(x(Pv,  t-  —  r  (Y))),  from  which  we 
infer  that  rx(Y)  -  T(Py;X,t).  Finally,  Y  -  x(Py»  t-T(Py;X,t))  - 
[X](X  (Py)  ,  -t.e.,  Y  €  tX](x  tj(3R).  These  facts  show  that 

(X](X  tj(3R)  "  31B(X,t) ,  as  claimed. 

Gathering  the  results  to  this  point,  it  has  been  shown  that 
[XJ(X  *s  a  continuous  bijection  of  3R  onto  3B(X,t).  But  the 


compactness  of  3R  (and  the  fact  that  3B(X,t)  is  Hausdorff,  of 
course)  implies  the  continuity  of  [x]^x  t ^ :  3B(X,t)  -*■  3R.  This 

completes  the  proof.  □. 

[V.39]  NOTATION.  Recall  that,  for  C  €  H,  we  write  x^1: 

38^  -*■  3 R  for  the  inverse  of  the  homeomorphism  -m  x(*»?)  taking 
3R  onto  38^,  whenever  M  is  a  motion  and  (R,x)  is  a  reference 
pair  for  M.  Now  we  know  that  3B  ■  u^>q  so  Corollary 

[V.8]  states  that  (Z,C)  h-  x^(Z)  is  continuous  from  3B  onto  3R; 
since  this  map  is  defined  on  3B,  its  retardation  with  respect  to 
any  (X,t)  €  K"  is  defined,  as  in  [V.36.i],  as  a  function  on 
3B(X, t) .  In  keeping  with  the  notation  already  introduced,  we  shall  use 
the  symbol  [x_1] tj  for  this  retardation.  Thus, 


lx"1] rx  r1(Y)  x"1  i 

lX’tJ  t-  ~  rv(T) 

C  A 


(Y),  for  each  Y6ffl(X,t). 


We  can  identify  this  as  the  inverse  of  the  homeomorphism  fxl^x 
of  3R  onto  3B(X,t);  this  is  the  essential  content  of  the  next 
observation. 

[V.40]  PROPOSITION.  Let  M  be  a  motion,  (R,x)  a  neivienee 
pcuA.  j \ok  M,  and  t  the  aaociated  Aetandation  function.  Let 
X€tr3  and  t  6  3R.  Then 


U)  M(x,t)  *  ][x,t]; 


Iti)  tCx”1  , 


<Y);X,t)  -  r  r„(Y), 


for  each 


Y  S  3B(X,t)  . 


( 
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T(Ix](X,t)(Y);X‘t)  "  c  rX(Y)’ 


,-l 


PROOF.  Let  Y  6  3B(X,  t).  Then  Py  :■  [x] ^  ^  (Y)  *s  t*ie  un*^ue 


point  of  3R  for  which  Y  -  [x]^x  t)(py^  “  x(Py»  t-r(Py;X(t)) ,  so 


PY  “  Xt-x(P  ;X,t)^*  Since  T(Py;X,t)  -  ~  rx(X(Py,  t-x(Py;X,t))) , 


we  find  that  t(P  :X,c)  -  -  r„(Y) ,  uhence  Pv  -  x'1  ,  (Y) 

Y  C  X  Y  t-  i  r  CY) 

c  x 


,-li 


[X  J  tj(Y).  ^is  8^ves  the  first  statement  of  (ii),  and  also  shows 


that  tx](Xft)0D  “  tx"1]^  t]CO  for  each  Y€3B(X,t),  so  [x_1]  [x 


is  an  extension  of  tx]^x  •  Since  the  domain  of  [x  ^3^x  t]  is 


also  3B(X,t),  the  equality  in  (i)  follows.  The  second  statement  in 
(li)  is  then  an  immediate  consequence.  □. 


The  retardation  facts  also  enable  us  to  make  an  assertion  con¬ 
cerning  the  intersection  of  any  backward  characteristic  cone  with  3 IB, 
for  any  motion  M. 


[V.41]  PROPOSITION.  Let  M  be  a  motion,  (R,x)  a 
ae^enence  pain.  £oa.  M,  and  x  the  aA&ociated  fietaAdation  function. 
Let  x€r  ,  t€».  Then  the  map  tx*]^x  tj» 

[x*](X  t)(P)  "  (lx](X,t)(P)*  t-T<p5*»t>).  P€  3R» 
paovideA  a  homeomoaphiim  0| 5  3R  onto  3BnC_(X,t). 

PROOF.  It  is  a  simple  matter  to  check  that  ^  |  3B(X,t)  is 

a  homeomorphism  of  3B(X,t)  onto  3B*iC_(X,t).  In  fact,  P^y  ^  is 
a  continuous  injection  of  1RJ  onto  C_(X,t),  so  P^y  ^  |  3B(X,t) 


is  a  continuous  injection  of  3B(X,t)  into  C  (X,t).  But,  if 


Z  6  3B(X, t) ,  then  Z  €  38 


t-  t  rx(Z) 


s°  P(x,t)(z)  -  <2-  c-irx<z))e 


m  «®»  so  function  is  into  3Bi"£_(X, t) .  If 
(Z,0  €  3BnC_(x,t),  then  Z  €  38  and  ;  -  t-  -  r  (Z)  ,  so  Z  € 

“  s  C  A 


38 


;  Z€3B(X,t).  Since  V. 


1  >  ^  —  OJOVA,  1;  .  siute  r  .  ..  (Z)  *  (Z ,  t-  ~  T  (Z)  ) 

5-  ±  rx(Z)  (X’°  c  X 


(Z,C),  we  can  conclude  that  P/ 


3B(X,t)  is  a  continuous 


(X.t)1 

bijection  of  3B(X,  t)  onto  SB^C  (X,t).  The  inverse  of  this  function 


is  just  Pr|  3B~iC  (X,t),  which  is  continuous. 


ThuS’  (P(x  t)l  3B(X,t))o[x](x  t):  3R  ^  3BnC_(X,t)  is  a 
homeomorphism,  in  view  of  [V.38].  Since,  for  each  P  €  3R, 

<W  ®«.t))«[X](x>t)(P)  -  Ux)(Xit)ff).  t-ipx([x)(Xi0(P)» 

*  CIX1(X  t-T(P;X,t)), 

the  proof  is  complete.  □. 

Note  that,  for  any  motion  M,  the  sets  38^  (5  €  ]R) , 

3B(X,t),  and  3BrC_(X,t)  ((X,t)  S  ]R^)  are  pairwise  homeomorphic;  in 
turn,  each  is  homeomorphic  to  3R,  where  R  is  any  reference  set 
for  M.  Also,  we  have  shown  that  3B  is  homeomorphic  to  any  3R*]R. 

Under  the  assumption  that  a  reference  function  possess  a 
certain  number  of  continuous  derivatives  with  respect  to  its  fourth 
argument,  the  corresponding  retardation  function  possesses  a  correspond¬ 
ing  number  of  continuous  partial  derivatives  with  respect  to  its  second 
set  of  arguments.  More  precisely: 


[v.42]  PROPOSITION.  Let  M  be  a  motion,  (R,x)  a  reference 
pair  £or  M,  and  t  the  cu>*o  dated  retardation  function. 


U)  Suppose,  i {or  6ome  P  e  sR,  x(p»*)  e  ckQR;R3),  where 
k<=]NU{»}.  Then  t(P;  •,  •)  e  ck(R4n{  (X(P,0 , O  | 
Moaeovea,  whenever  (x,t)  6i^{(x(p,;),;)|  cem}', 
i.e.,  whenever  (x,t)  6l4  and  x  4  x(P,t)»  then 


t;4(P;X,t)  - 


rX.g^X^(X.t)  *  ^X>4^ (X,t)  ^ 
1+rX,£(fx](X,t)(P)) ‘ fx,4J (X,t) (P) 


(1) 


l-T;4(P;X,t) 


1+rX,  [X^  (X,  t)  (P)  5  ‘  [X,4^  (X,  t)  (P) 


(2) 


T;4(P;X,t)  -  tl-r;4(P;X,t)}-{rXj£(tx](x>t)(P))*tx:4](x>t)(p)>.  (3) 

and 


T;i(P;X,t)  -  -  i  {l-T;4(P;X,t)}Tx  i([x](Xjt)(P)),  i  -  1,2,3.  (4) 


1(5  k  >  1  [k  -  •],  then  each  partial  derivative  ojJ 
t(P;*,0  o£  order  >  l  and  <_  k  [o^  any  order]  can 
be  computed  in  3rV'x*(P,R)  '  by  iuccesdve  di^erentia- 
tion  0(5  (1)  and  (4). 

4  3 

lii )  Suppose  D^x  e  CORxRjR  )  ior  j  -  i,...,k,  i or  &ome 
k  €  u  or  each,  j  e»],  1(5  the  degree  oj5  the  multi¬ 

index  a  •  (alf...,a4)  ii  <_  k  [(Jo*  any  a],  then 
t;  |  3RxQB°Una}  6  CORxte'W5}). 


Before  presenting  the  proof,  we  remark  that  (1)  and  (4)  are 


simply  the  results  which  would  be  obtained  by  formal  implicit  differen¬ 
tiation  of  (V.34.1),  implicitly  defining  t.  Indeed,  a  very  short 
proof  can  be  constructed  by  first  invoking  the  implicit  function 
theorem  to  show  that  x  possesses  the  requisite  derivatives,  then 
effecting  the  implicit  differentiation  of  (V.34.1)  (cf.,  the  proof 

of  [V.47.v]).  However,  we  choose  to  follow  a  more  instructive  (albeit 
much  longer)  method  of  proof  which  provides  practice  in  manipulating  t. 


PROOF.  (i)  P  €  3R  is  fixed,  with  x(P,‘)  e  CkQR,fc3) .  It  is 
easy  to  see  that  {(x(P»4)»0|  4  e  1R}  is  a  closed  subset  of  H  , 

since  the  continuity  of  x(P,*)  on  1R  implies  that  the  limit  of  any 
convergent  sequence  in  the  set  must  also  be  in  the  set.  Thus, 

{ (x(P, 4) , 4)  I  is  open  in  ]R*.  Choose  (X,t)  e  {(x(P,4).4)| 

Then  X*X(P,t),  so  x(P;X,t)  >0,  by  [V.35.i].  Then 
d  :«  rx(X(P,  t-r(P;X,t)))  -  cx(P;X,t)  >  0,  l.e,. ,  X  *  X(P,  t-x(P;X,t)) 

According  to  (V.35.1),  we  have 


x(P;X,t+h)-x(P;X,t)|  <  ~ 


whenever 


c-c* 

2cc* 


(5) 


it  Id  I 

Now,  we  claim  that  if  |h|  <  min  »  2~cc*  ^|  »  X  does  not  lie 

on  the  closed  line  segment  joining  x(P»  t-x(P;X,t))  and 
X(P,t+h-x(P;X,t+h))  (this  line  segment  may  be  degenerate,  consisting 
of  the  single  point  x(P»t"T(P;X,t)) ;  in  that  case,  we  already  know 
the  claim  to  be  true).  To  see  this,  assume  the  contrary:  for  some 
h  €  ]R  with  | h |  <  min  dj»  there  exists  X  €  [0,1]  such 


X  -  x(P,t-x(P-,X,t))+\{X(P,t+h-x(P;X,t+h))-x(P,t-x(P;X,t))}. 


Then 


d  <  Ac*|h-{x(P;X,t+h)-x(P;X,t)}| 

<  c*{|h|+jx(P;X,t+h)-x(P;X,t) |} 

i e*  {i? +  fe} '  f- d  * d- 

This  impossibility  proves  the  claim. 

ii  ^  d  c— c  ^ 

Suppose  then  that  0  <  |h|  <  min  j—  ,  ~2Cc*  ^  '  ®ecause  °f  the 
fact  just  proven,  we  can  apply  the  mean-value  theorem  to  the  function 
r^  in  the  following  manner: 

£  {x(P;X,t4h)-x(P;X,t)} 

«  {rx(x(P,t+h-T(P;X,Wh)))-rx(X(P,t-T(P;Xit)»} 

«  ^  rx>£(Yh)-{xa(P,t4h-T(P;X,t+h))-x^(P,t-T(P;X,t))}, 


where  Y^  is  some  point  on  the  line  segment  joining  the  points 

X(P,t-x(P;X,t))  and  x(P*tHh-x(P;X,t4h)) .  Again  applying  the  mean- 

2, 

value  theorem,  this  time  to  each  of  the  coordinate  functions  x  e 

1  £ 

C  QR) ,  £  *  1*2,3,  we  can  assert  that  there  exist  t^  €  ]R,  £  «  1,2,3, 

in  the  open  interval  with  endpoints  t-x(P;X,t)  and  t+h-i(P;X,t+h) 

(which  cannot  be  equal,  for  then  we  should  have,  from  above,  x(P;X,t)  * 

a. 

x(P;X,t4h),  giving  h  ■  0,  contrary  to  our  assumption)  such  that 


We  write 


£C  1  £ 

x*4  7  x.4; 


cf.,  [V.43.c],  in^xa. 


£  {T(P;X,t+h)-T(P;X,t)} 
c 

*  TT  rx>il(Yh)'X»4(P.th),{h-^(p;X,t+h)-T(P;X,t)}}; 

we.  have  abused  the  summation  convention  on  the  right-hand  side  here, 
but  the  meaning  should  be  clear:  sum  on  £  over  {1,2,3}.  A  rearrange 
ment  of  the  latter  equality  produces 

{l+rx  £<V*xJ4(P,tJ)}*  fT  {T<P;X,t+h)-r(P;X,t)} 

‘  c  (6 
*  rX  $/Yh^  *X»4(p»t^) , 


whenever  0  <  |h|  <  min  i—  ,  d\.  For  no  such  h  can  we  have 

t •  v  1 

#C  0 

rx  a(Yh) *X»4(p»th)  “  -1»  by  the  very  fact  that  equality  (6)  holds  for 
each  such  h;  thus,  (6)  determines  the  difference  quotient  appearing 
in  its  left-hand  side,  for  each  such  h.  Now, 

|Yh-x(P,t-T(P;X,t))|3  <  |x(p,t+h-T(P;X,t+h))-x(P,t-T(P;X,t))|3, 


|t£-{t-x(P;X,t)}|  1  |h-{r(P;X,t+h)-T(P;X,t)}| 


<  |h|+|x(P;X,t+h)-x(P;X,t)| ,  £  -  1,2,3, 


for  these  same  h,  whence  the  continuity  of  x(P;X,*)  and  x(p«’) 

shows  that  lira  Y,  ■  x(p*t~T(P;X,t)) ,  lim  t5  *  t-x(P;X,t), 
h  -*>  0  h  h  -►  0  ” 

£  *  1,2,3.  The  continuity  of  x»4(p*’)  gives,  in  turn, 

lim  X?,(p*th)  -  x»A(p»t-x(P;X,t)) ,  £  •  1,2,3.  Since  we  showed  that 

h  -  0  n  4 

Y.  j*  X  for  all  h  in  question,  and  X  i  x(p»t-x(P;X,t)) ,  we  also 


see  that  lim  r  (Y  )  *  r  (x(P,t-x(P;X, t))) ,  i  *  1,2,3. 
h  o  n  a,  x, 

£C 

Finally,  we  show  that  l+rx  £(x(P,t-x(P;X,t))) •x,4(P,t-x(P;X,t))  i  0: 


first,  observe  that  (V.1.1)  implies  the  validity  of  the  inequality 


|x,4(P»?)|.j  £  c*»  for  each  ?  €  B,  while  | grad  rx(Y) | ^  *  1  whenever 


Y  #  X.  Then  the  Cauchy-Schwarz  inequality  yields 


1+rXj£<x(p,t-t<P;X,t)))-x,4(P,t-T(?;X,t)) 


>  1- 1 rx  Jt(x(P,t-x(P;X,t)))-x,4(P,t-T(P;X,t)) 


>  1-  —  >  0. 
—  c 


Upon  computing  the  difference  quotient  ^  (x(P;X,t+h)-x(P;X,t) }  from 

h 


(6)  and  employing  these  facts  to  allow  h  -►  0,  it  is  found  that 


x;4(P;X,t)  exists  and  is  given  by  the  expression  appearing  in  (1) 


Obviously,  (2)  and  (3)  are  immediate  consequences  of  (1) . 


The  proof  of  (4)  is  similar  to  that  of  (1).  Choose  i  6  {1,2,3} 


For  h  €  B,  let  hi  he^  .  Again  by  (V.35.1), 


|x(P;X+hi,t)-x(P;X,t)  (  <  ^  whenever  jhj  <  ~~~  d> 


and  from  this  we  deduce,  as  before,  that  if  h|  < 


d ,  then  X 


does  not  lie  on  the  (possibly  degenerate)  closed  line  segment  joining 


x(P,t-x(P;X+h  ,t))  and  x(P»t“T(Psx»t)) •  Next,  observe  that  the 


function  (Y,Z)  H  Y-x(P,t-x(P;Z,t))  is  continuous  on  B  *B  and  is 


non-zero  at  (X,X)  (recall  that  X  +  x(P»t-x(P;X,t))) .  Hence,  there 


is  some  5  >  0  for  which  ]Y-x(P,t-x(P;Z,t)) | ^  >  0  whenever 


Y,Z  €  Bg(X).  Supposing  that  |h|  <  6,  this  statenent  is  true  when 
Y  is  any  point  on  the  closed  line  segment  joining  X  and  X+h^, 
and  Z  -  X+hi<  That  is,  if  |hj  <  6,  then  x(P/t-T(P;X+hi>t)) 
does  not  lie  on  the  closed  line  segment  joining  X  and  X+h^.  We 
use  these  observations  to  justify  two  applications  of  the  mean-value 

theorem  to  the  distance  function  in  the  following  computation;  as 

£ 

before,  we  also  apply  the  mean-value  theorem  to  each  x  (P,*), 

£  *  1,2,3:  suppose  that  0  <  jh|  <  min  d,  fij*  Then 


-  {T(P;X+hi,t)-r(P;X,t)} 


-  “  {rx+h^(x(P,t-r(P;X+hi,t)))-rx(X(P,t-T(P;X4hi,t)))} 

+  ^  {rx(x(P,t-T(P;X+hl,t»)-rx(X(P,t-T(P;X,t)))} 

"  c  rX(P,t-T(P;X+hi,t))»i  (V 

-  -J-  rx>£(Zh).{x£(P,t-T(P;X+hi,t))-x£(P,t-T(P;X,t))} 

“  c  rX(P,t-T(P;X+hi,t))»i  <V 

Q 

-  ^  rx  ^(Zh)*x^(P,t^)*{T(P;X+hi,t)-T(P;X,t)}, 

where  X^  is  some  point  on  the  line  segment  joining  X  and  X+h^, 

Z  is  on  the  line  segment  joining  x(P»t_T (P;X,t))  and 
h 

x(P,t-t(P;X+h  , t)),  and  the  t*  €  ]R,  i  ■  1,2,3,  are  in  the  open 
1  h 

interval  with  endpoints  t-x(P;X+h^,t)  and  t-x(P;X,t),  if  the  latter 
are  distinct;  if  these  two  numbers  are  equal,  we  choose,  as  we  may, 
t*  -  t-t(P;X,t).  We  find,  for  0  <  |h|  <  min  d, 
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{l+rX,i<Zh),x’4(P,ih)}  F  ^(PjX+^.O-TtPjX.t)} 


m'7rxh>i(x(p’t'T(P;X+hi’t)))- 
Reasoning  as  in  the  proof  of  (1) ,  it  is  easy  to  show  that 


lim  Xh  -  X,  lio  Z  -  x(P,t-T(P;X,t)),  lim  t*  «  t-T (P;X, t) , 
h  -*•  0  h  -*•  0  h  -*■  0  " 


lim  x\(P,t^)  -  x?.(P,t-T(P;X,t)),  lim  r  .  (Z.  )  - 
h  -*■  0  *  u  h-^0X,£h 

rx  t(x(P.t-x(PjX,t)),  for  i  -  1,2,3,  and  lim  rY  ,(x(P.t- 

h  -*•  0  V 

t(P;X+h^,t)))  *  ^(x(P*t_T(P;X, t))) ;  for  the  latter  two  results, 

we  use  the  fact  that  X  +  x(P,t-T(P;X,t)) .  Then,  recalling  (7),  we 
must  note  that 


U+rX,£(V‘X0P'^»^1-f1>0* 

so  there  is  some  n  €  |o,  min  d,  fij  for  which 

l+rXf n^Xh^  *x,4^P’^h^  *  ~2  ~]  >  ®  whenever  0  <  |h|  <  n.  For  these 

h,  the  difference  quotient  £  {T(P;X+hi,t)-x(P;X,t)}  can  be  computed 
from  (8).  Carrying  this  out  and  using  the  facts  cited  above,  we  can 


let  h  -►  0  and  obtain 


T  J  ^  (P  J  X,  t)  - 


■  c  rx  i(X(P,t-T(P;X,t))) 


1+rx,d(x(p,t~T  (p;x*t»)*x*4(P»t-T(p;x,t)) 


in  view  of  (2),  (9)  is  just  (4). 


We  have  shown  that  tj^P;*,*),  i  -  1,2,3,  and  t;4(P;*,*) 
exist  on  {(x(P»0»0|  C  €  ]R} 1 .  From  their  explicit  expressions 


appearing  in  (1)  and  (4)  (or  (9)),  the  continuity  of  these  functions  is 
obvious.  Again  from  these  expressions,  it  is  equally  obvious  that, 
if  k  >.  2,  T’ij  (P;  * » *'  and  T;4i(P;*»*)  exist  on  {(x(P.O,C)| 

C€1R}'  and  are  continuous  there,  whenever  i,j  €  {1,2, 3, 4}.  Indeed 
the  existence  and  continuity  of  higher-order  partial  derivatives  of 
t(P;*,*)  on  {(x(P»C)»?)|  S6  1R)'  is  limited  only  by  the  value  of 
k,  because  of  the  chain  rule,  (1),  (4),  (8),  and  the  fact  that  t(P;*,*) 
is  positive  on  {(x(P»OOi  ?6H>’,  so  the  function  (X,t) 
rX^M(X  t^(P))  is  also  positive  on  this  set.  Consequently,  the 
proof  of  (i)  can  be  completed  by  induction. 

(ii)  Now,  the  hypotheses  of  (i)  hold  for  some  k  €  ]NU{»} 
and  each  P  €  3R.  Thus,  each  partial  derivative  of  t  with  respect 
to  its  second  set  of  arguments,  of  order  <_  k  if  k  £IN  or  any  order 
if  k  -  «,  exists  on  {(P,X,t)|  P€  3R,  (X,t)  €  {(x(P,S) . O  | 

C  €3R}’}  C]R7f  and  can  be  obtained  from  (1),  (4),  or  differentiation 
thereof.  In  particular,  each  such  partial  derivative  exists  on 
3Rx{B°Ufi0},  for  if  P  e  3R  and  (X,t)  €3B°Ufi°,  then  X€  8°UB^, 
so  X  S  (38t)',  so  we  must  have  X  i  x(.?,t),  whence  (X,t)  € 

{(x(P»0»0|  C  €m}'.  The  continuity  of  each  such  partial  derivative 
on  3Rx{B(\jfic}  follows  from  the  continuity  hypotheses  on 
and  from  (1)  and  (4),  either  directly  or  by  induction. 

We  shall  allow  these  remarks  to  suffice  for  the  completion  of 
the  proof.  □. 

We  shall  next  introduce,  and  derive  the  most  important  properties 


of,  our  fundamental  classes  of  smooth  motions,  denoted  by  M(q) 

(q  €®U{«});  even  though  it  also  proves  convenient  to  consider 
motions  possessing  properties  stronger  than  those  imposed  here,  each 
family  of  smooth  motions  identified  in  [1.5]  and  Part  IV  turns  out  to 
be  a  subclass  of  some  M(q) ,  and  so  possesses  the  important  character¬ 
istics  which  we  are  about  to  point  out.  Generally  speaking,  a  motion 
M  will  be  said  to  be  in  a  certain  smoothness  class  4n  W  provided 
there  is  a  reference  pair  (R,X)  for  M  such  that  3R  and  X 
satisfy  certain  smoothness  conditions. 

[V.43]  NOTATIONS,  (a)  Let  M  be  an  (r,n ;q) -manifold . 

Recall  that  M*K  is  then  an  (r+1,  n+1;  q)-manifold.  Whenever  (U,h) 
is  a  coordinate  system  in  M,  set 

U*  :»  Ux® 

and  define  h*:  U*  ■+lRr+*  by 

h*(x,s)  :«  (h(x),s),  for  each  x  €  u,  s  €  ]R.  (1) 

Then  it  is  easy  to  see  that  (U*,h*)  is  a  coordinate  system  in  M<®. 
Moreover, 

h*(U*)  -  h(U)xE,  (2) 

and 

h*  *(x,s)  m  (h  1(x),s),  for  each  (x,s) €  h*(U*) .  (3) 

Observe  that,  if  {(Ul,hl)Jlgj  is  a  covering  collection  of  coordinate 


systems  in  M,  then  {(U*,h*)}i£j  is  a  covering  collection  of 
coordinate  systems  in  Mx]R. 

(b)  Again  with  M  an  (r,n;q)-manifold,  suppose  that 

f:  JMR  -*•  IRm  is  a  function  such  that  fr  :*  f(*,£):  M  -*■  3Rm  is  in 
C^CMjR111)  for  each  ;  GE  (for  some  k  €1).  Then  Jf^:  M  ■+•  [0,®) 
is  defined  for  each  X,  GE  (cf.,  Definition  [I.2.10.iii]) ,  and  we  can 
define  3f:  Mx]R  •+  [0,®)  according  to 

Jf(x,5)  :*  Jf^(x),  for  each  x  €  M,  c  €  ]R.  (A) 

(c)  Whenever  f  is  a  function  valued  in  either  K  or  some 
JR™,  we  shall  write,  as  we  have  already  in  [V.42], 


which  should  cause  no  conflicts  with  other  notations. 

(d)  Let  M  be  a  motion,  and  (R,x)  a  reference  pair  for  M. 
Recalling  [V.15.vi],  x*:  3R*3R  ■*  SB  is  a  homeomorphism.  In  particular 

this  allows  us  to  associate  with  any  function  f  on  3B  a  function 
?  on  3Rx]R  via 

?  fox*i  (6) 

explicitly, 

f(P,0  foX*(P.O  -  f(x(P,0»0  for  P€  3R,  (GB.  (7) 


[V.44]  REMARKS.  Let  M  be  a  motion,  (R,x)  a  reference  pair 


for  M,  and  f  a  function  on  33B.  Obviously,  f  can  be  recovered 
q  o  *-i 

from  f:  f  »  fox  ,  or,  explicitly, 

f(Z,S)  -  lox*"1^,?)  -  f(x"1(Z),c)  for  each  (Z,?)  6  3B. 

4 

Choose  (X,t)  €  ]R  and  note  that  the  two  retardations  [f]fY 

l 

(on  31B(X,t))  and  [f]^x  (°n  3R)  are  defined  (cf.,  [ V . 36 ] ) . 

We  wish  to  point  out  here  the  relation 

[?1<x,t)  ■  '£l[X,t]0[)t!(X,t)  on  3' 

between  these  functions.  To  see  that  (2)  is  correct,  let  t  denote, 
as  always,  the  retardation  function  associated  with  R  and  x» 
choosing  P  6  JR  and  applying  the  appropriate  definitions, 

[°f](X,t)<*>  ?(P.t-t(P;X,t)) 

:■  f(x(P,t-T(P;X,t)),t-T(P;X,t)> 


-  f (x (P, t-T (P ;X, t) ) , t-  £  rx(x(P,t-x(P;X,t)))) 


■  [f] jXtj(x(P»t-T(P;X,t))) 

[x,t]°M(x,t)*p)* 


This  implies  (2). 


lV.45]  DEFINITION.  Let  M  be  a  motion,  and  q  €NJ{<*}. 
Then  M  €  M(q)  iff  M  possesses  a  reference  pair  (R,x)  such  that 


(i)  3R  is  a  (2, 3;q) -manifold. 


(ii)  x  €  Cq(3R*B;»3), 


I*’.’, 


(iii)  rank  Dx;(P)  -  2,  for  each  p  6  3R,  ;€i, 


[V.46]  REMARKS.  Let  M  be  a  motion  in  some  class  ]M(q),  and 
(R,X)  a  reference  pair  for  M  as  in  [V.45], 

(a)  Clearly,  3RxR  is  a  (3,4;q)-manifold;  recall  that  the 
inclusion  [V.45.11]  means  that,  whenever  (U,f i)  is  a  coordinate  system 
in  SRXR,  then  xoh.  €  c  (fo(U)jR  ).  in  particular,  for  any  coordinate 
system  (U,h)  in  3R,  (U*,h*)  is  a  coordinate  system  in  3R*H,  so 
we  have  X°h*-1  e  Cq(h*(U*) JR3) ;  explicitly,  note  that 

xoh*  1(x,s)  -  x(h'1(i),s)  -  xs(h_1(x)),  for  (x,s)  e  h*(U*),  (1) 

-t.C. ,  whenever  x€  h(0)  and  s  SIR.  it  is,  in  fact,  easy  to  see  that 
X  S  Cq(3RxR;n3)  iff  there  exists  a  covering  collection  {(U^h^} 
of  coordinate  systems  in  3R  such  that  x°h*_1  S  Cq(h*(U*)  ;K3)  for 
each  x  S  I:  indeed,  the  sufficiency  of  this  condition  follows  from 
[1.2.14]  and  the  fact  that  {(U*,h*  ))i€j  is  a  covering  collection  of 
coordinate  systems  in  3R*R,  while  the  necessity  is  trivial. 

(b)  Let  (U,h)  be  a  coordinate  system  in  3R.  Since  xoh*-1  € 

C  (h  (U  )  £R  ) ,  and  h*(U*)  »  h(U)>4R,  equality  (1)  shows  that 
X?oh  €  Cq(h(U);R  )  whenever  ;6]R.  Thus,  x?  e  Cq(3RjR3),  for 
each  C  6  3R,  showing  that  [V.45. iii]  makes  sense,  requiring  that 
rank  D(x^oh  1)(h(P))  -  2,  or,  equivalently ,  Jx?(P)  >  0,  whenever 
P  €  u  and  ?6R. 
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(c)  We  can  show  that  the  derivatives  i  exist  and  are 

4A  j=l 

continuous  on  3RxR:  let  P  €  3R,  £  G  1R,  and  (U,h)  be  a  coordinate 
system  in  3R,  with  P  €  U.  If  Q  £  D,  s  €  ]R,  and  n  €  1R,  with 
n  4  0,  then 

“  ^X(Q.s+n)-x(Q,s) }  -  1  {x(h  X(h(Q)) ,s+n)-x(h~1(h(Q)) ,s) } 

*  ■jj'  {(X°h*  1)  (h(Q)  ,s+n)-(x0h*-1)  (h(Q)  ,s)  } . 


Letting  n  0,  we  find 


D4x(Q,s)  -  D3(x°h  “A)(h(Q),s), 


showing  at  once  that  D^x  exists  and  is  continuous  on  the  neighborhood 
UxR  of  (P.O.  Since  x  e  Cq(3Rx]R;R3) ,  the  process  can  be  repeated 
q-1  times,  if  q  €  u  with  q  >  2,  or  indefinitely,  if  q  »  °°. 


It  is  also  important  to  note  that 


|D4x(p»C)  |  ^  1.  c*»  for  each  P  G  3R,  ;  SE. 


This  bound  is  obtained  directly  from  (V.1.1),  since 


J  {x(P,t+n)-X(P,C)}  1  c*. 


if  P  €  3R,  5  €  and  n  €  ]R,  with  n  +  0. 

(d)  Since  x^  €  Cq(3R;H  )  for  each  £  G  1R,  the  function 
JX  is  defined  on  3RxR,  as  in  [V.43.b]: 


Jx(P.C)  :-Jx;(P),  for  each  P  €  3R,  ?€] R.  (4) 
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If  P  €  -R,  ?e®,  and  {^(P)  ,T2(P)  }  is  any  basis  for  TR(P), 

then,  by  Definition  [1.2, 10. iii] , 

3 

However,  if  0^  €  1R  for  i  *  1,2,  then  0^x02  *s  defined,  and 
1 8^02 1  *  Flemin8  [15]).  In  the  present  case,  we  can 

therefore  also  write 

|Dx.(P)T,(P)xDx.(P)T,(P)L 
-  |T-|(P).T2(P)r/ - 1  •  (3) 

Now,  if  (U,h)  is  any  coordinate  system  in  3R,  with  P  €  U,  the 
—1  2 

basis  {(h  )fi(h(P))}^^  for  T^(P)  can  be  chosen,  leading  to  the 

expression 

1 (X  oh'1)  (h(P))x(x  oh"1) ,.(h(P)) | 

JX(P,  O - f  -  - - ^ - - - -  ,  (6) 

|(h  1),1(h(P))x(h"1),2(h(P))l3 

as  in  the  derivation  of  (1.2.11.3).  When  we  observe,  from  (1),  that 
(x^°b  1),1(h(P))  *  (x°h*  1)  ^(MP),?) ,  for  i  ■  1  or  2,  the  local 
representation  (6)  implies  that  Jx  €  C(3R*I0,  while  if  q  >  1,  we 
even  have  Jx  €  C^-^(3RxE);  the  details  of  the  reasoning  required  to 
verify  these  inclusions  are  plain  enough. 

Finally,  from  [V. 45. iii],  it  is  clear  that 

Jx  >  0  on  3RxE.  (7) 

The  properties  of  the  classes  IM(q),  q  €]NU{»},  of  which  the 
principal  ones  are  brought  forth  in  the  following  statement,  provide 
much  of  the  basis  for  the  reasoning  employed  in  Parts  I-IV. 


Jx(p.O 


|dxc(p)t1(p)Adxc(p)t2(p) 
Jt1(p)At2(p)|  . 


[V.47]  THEOREM.  Supjxse  M  is  a  motion  -in  TM(q) ,  fox  Some 
q  Let  (R,x)  be  a  x efcxence  pail  fox  M,  with  the  pxopexties 

oh  definition  [v.45]. 


U) 


Select  any  ;  em-- 

3 

(7)  x?:  3R  -*■  TR  is  a  q-imbedding,  tafung  3R  onto 


(2)  B°  and  B '  axe  q -xegulax  domains  In  B. 3; 

(3)  t [ox  each  pe  3R,  Dxt(P):  t3R(P)  +  t3B  (X;(P)) 
ts  a  bisection. 


UX) 


define  v : 


dlB  -+TR' 


V(Z,C)  Vgg  (Z),  o'c-t  each  i;6R,  Z  6  38^,  (l; 

and  u:  3B  -*■  R  by 

u(z,c)  v(Z,t)#x,A(x~1(Z),5),  fox  each  ;  €E,  Z  s  3B^.  (2: 

Then  u  ok  iiitxiisic  pxopexty  oh  M,  called  its 
normal  velocity. 


(iii)  Recall,  the  definition  of  the  function  x*,  <&&£  down 

in  [V . 3 ] ;  cf.t  also,  [v.lS.vi], 

( 7 )  X*:  3B<]R  -*  1R^  is  a  q- imbedding ,  taking  3R*]R 

onto  SB;  in  paxticulax,  Jx*  >  0  on  3R<R; 

*We  write  v^e  :»  v  ,  for  brevity. 


(2)  B  and  one.  q-a&gu lax  domains  in  m  ; 

(3)  box.  each  (P,;)  e  3Rxm,  DX*(P,0:  TsRx]R(p,c)  - 
T3B(x*(P,C))  i4  0-  bijzction ; 

(4)  the  exte'iio-*  unit  noxmal  fieid  v._:  3B  -+1R4  fo-t 

dE 

3{3B° }  is  givzn  btf 

V3m(Z’° - 5 -  {vi(Z,?)e.(4)-u(Z,Oef4)}, 

m  /{l+u2(Z,?)}  1  4 

C 

box  zach  (Z,0  €  3 IB; 

(5)  Jx*  e  c(3R*]R);  Jx*  is  givzn  by 

Jx*(P ,0  -  /{l+u2(x(P, S) , O  }JX(P, ?) 

(< 

-  /{l+S2(P,5)}Jx(P,C),  $04  (P.O  e  3R*]R. 

(iv )  Thz  bunctions  v,  v._,  and  u  one  continuous  on  3B. 

oJd 

lb  q  €  IN  and  q  _>  2,  thzn  v  6  Cq_1(3B£R3) , 
v3B  e  Cq-1(31B-]R4),  and  u  e  Cq_1(3B),  white  d£°, 

i»*  Ico 

D^Jx,  and  D^u  exist  and  axe  continuous  on  3Rx®  fo/L 
k  ■  1, . . . ,q-l.  lb  q  -  «,  thz  lattzx  statement  holds 
usith  thz  obvious  modifications . 

(v)  Let  t  be  thz  xztaxdation  function  associated  with 
(R,x).  Whznzvzx  (x,t)€B°Una,  then  x(*;X,t)e 
Cq(3R),  with 

J. 

We  write  v._  :*  v  ,  for  brevity. 

3{B°} 
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T(h'1(-)jX,t),i(i) 

([Xlry  f.\°h~1(x))  •  (xk  ,  oh'1),.^ 

u>  j _ t-tch'^^jx.o _ L__  ^ 

+rX,jaxl<X>t)°h'1(i))'tx3-41(X,t)0>'’1<i) 

lox  tack  x  e  h(u) ,  and  i  -  1,2, 

icktxt  (u,h)  i 4  any  coordinate  Ayittm  in  aR. 

Fix  (X,t)  €B°urt0: 

(7)  txl/v  \:  3^  -*•  7R  i-4  a  q-ijnbtdding ,  taking  3R 

\X,  t) 

onio  31B(X,t); 

(2)  JB(X, t)°  and  na(X,t)  aae  q-aeguiaa  dematni  in 

m3; 

13)  lex  each  P  €  aft,  Dtx)(X  t)(P):  T3R(p)  - 

T3B(X,t)<[xl(X,t)(!>))  **  “  WtCtitr,. 

14 )  Let  P  e  3R.  Art  zxXzKlcn.  nofunaZ  ion  3{E(x,t)°} 
<tt  fx](x>t)(P)  i*  given  by 

[Sl(X,t><P)+l5C!<X.t)<P)  rX  ('xl(X,t)<P»- 

(5)  J(x](x  i<*  given  on  aR  by 

P)  "  Px](x>t)(P)-{l-r;4(P;X,t)} 

•|'?l<X,t>(P>+'5Cl<X,t>(P)  -*rad  rX('xl(X,t)(P))i3- 


&ox  tack 


p  e  aR. 


PROOF,  (i)  We  have  already  remarked,  in  [V.2.g],  that  is 

a  home omorph ism  of  3R  onto  38^,  and,  in  [V.46.b],  that  € 
Cq(3R;l  ).  It  is  given,  in  [V.45.iii],  that  rank  Dx^(P)  m  2,  for 
each  P  €  3R.  Thus,  is  a  q-imbedding,  and  (i.l)  is  proven.  In 

view  of  [1.2.17.1],  38^  ■  x^OR)  is  a  (2,3;q)-manifold.  Now, 

[V.l.i]  says  that  8^  is  regularly  closed,  so  8°  is  regularly 
open  (since  B°  *  (8°  )°),  and  8°-'  *  8^;  referring  to  [1.2.29],  we 
conclude  that  8°  and  8^  are  q-regular  domains  in  ]R^,  since 
3{B°}  ■  38^  in  this  case.  This  proves  (i.2).  (i.3)  follows 

immediately  from  [1.2.17. ii ] . 

(ii)  By  (i)  and  [1.2.31],  the  unit  exterior  normal  field 

V38  Va{g°}  *°r  (“  35^)  exists  for  each  €  ]R,  so  v  and 

u  are  well-defined  by  (1)  and  (2),  respectively.  To  see  that  u  is 

intrinsic,'  let  (R,x)  be  a  reference  pair  for  M.  By  definition, 

there  exists  a  continuous  bijection  F:  3R  -+•  3R  such  that  x(Q»s)  ■ 

X(F(Q) ,s)  for  each  Q  €  3R,  s  €  H.  This  shows  at  once  that  D^x 
-  3 

exists,  is  in  C(3R*1R;]R  ),  and 

D^x(Q.s)  -  D4x(F(Q),a),  for  Q€  3R,  s  6  1.  (8) 

Now  choose  C  €  then  Z  €  3B^.  It  is  simple  to  show  that  x^(Z)  * 
F(x^(Z)),  which,  with  (8),  yields 

d4x(x^(z),0  -  D^ttCi^CZ)),?)  -  D4i(x‘1(z),0, 

so  also 

* Obviously,  v  is  intrinsic. 
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v(z,;)«d4x(x^1(2),o  -  v(z,?)«d4x(x^(z),o. 


Thus,  u  is  intrinsic  to  M. 


(***)  [V.lS.vi],  we  saw  that  x*  provides  a  homeomorphism 
of  3Rxr  onto  3B,  and  we  are  given  that  x*  6  Cq(3RxB^),  Con¬ 
sequently,  to  show  that  x**  3R*R  R  is  a  q— imbedding,  we  must 
demonstrate  that  rank  Dx*(P,C)  -  3  for  each  P  €  3R,  ;  €  ®,  for 
which  it  suffices  to  show  that  rank  D(x*oh*~1) (x,?)  «  3  for  each 
(x»C)  ^  h  (U  )  »  h(U)*R,  whenever  (U,h)  is  a  coordinate  system  in 
3R.  Choosing  such  a  coordinate  system,  since  x*(P.C)  :*  (x(P»O.C) 
for  P  €  3R,  ;  we  see  that 


X*oh*"1(y,s)  -  (x°h*~1(y,s) ,s)  -  (x (h-1(y) ,s) ,s) 


■  (XD°h  (y),s),  whenever  y  e  h(U) ,  s  e  R. 

Then,  since  yoh*'1  €  Cq(h*(13*)  ;R3) ,  and  in  view  of  (V.46.2),  for 

(x.O  €  h*(U*),  the  matrix  ((x^h*"1^  (x,0)1<1<4  3  of 

^  a  j,  3  4  ^  ~ 

D(x  °h  )  (x,C)  :  ]R  ~+  TR  with  respect  to  the  standard  basis  vectors 

3  4 

of  ]R  and  ]R  can  clearly  be  written 


(i) 

(X^oh”1)^^) 

(x) 

(X;oh"1)?2(i) 

(i) 

(x;oh"1)?2(i) 

X^4(h_1(x)  ,0 
X?4(h"1(x),C) 
X?4(h_1(x),0 


We  know  that  rank  D(x.oh"A)(i)  «  rank  Dx.(h_1(x))  -  2,  by  condition 


-81- 


[V. 45. ill],  so  the  Indicated  upper  left-hand  submatrix  in  (10)  has 
rank  2,  whence  it  follows  easily  that  the  matrix  (10)  itself  must  have 
rank  3.  Thus,  x*  is  a  q-imbedding  of  3&3R  into  ,  and  (iii.l) 
is  correct. 

To  prove  (iii.2),  we  can  now  reason  as  in  the  proof  of  (i) : 
directly  from  (iii.l)  and  [1.2.17.1],  SB  *  X*(3&IR)  is  a  (3,4;q)- 

manlfold.  By  [V.15.iv],  B  is  regularly  closed,  so  3{B°)  «  SB, 

0°  :■  B'  *  B°  ',  and  B°  is  regularly  open.  Thus,  [1.2.29]  allows  us 

to  assert  that  B°  and  0°  are  q-regular  domains  in  1R^. 

(iii.3)  is  statement  [1. 2. 17. ii],  phrased  in  the  present  setting. 

Since  B°  is  a  q-regular  domain,  the  exterior  unit  normal 

field  v„  :■  v  for  3{B°)  (-  3B)  exists;  we  must  show  that  the 

338  3{B°} 

representation  (3)  holds.  To  see  this,  we  begin  by  observing  that  if 

Q  €  3R,  s  SIR,  and  (T^Q)  ,T2(Q) }  is  a  basis  for  T^Q),  then,  by 

Remark  [1.2.5],  (T*(Q)e^,  T^CQJe^,  e^^}  is  a  basis  for 

T3Rx]r(Q*s) J  by  DX*(Q,s)  carries  the  latter  basis  to  a 

basis  for  TgB(x*(Q,s)) .  Choose  C  €  JR,  Z  €  3B^  (so  (.1,0  €  SB) 

and  set  P  :«  x~1(Z),  so  (P,C)  -  x*-1(Z,C).  Let  (U,h)  be  any 

coordinate  system  in  3R  with  P  €  u.  Now,  Dh  *(h(P)):  1R^  ■*  T3g(P) 

2 

is  a  linear  bijection,  so  it  takes  any  basis  for  1R  onto  a  basis 
for  T^g(P) ,  which,  in  turn,  DXj.(P)  maps  to  a  basis  for  Tgg  (Z) , 

because  of  (i.3).  Thus,  we  can  construct  the  basis  (T^^(P) 
for  T.„(P),  where 


Thi(P)  Dh  *(h(P))e::~', 


thence  producing  the  basis 


(Dx;(P)Thl(P),  DX  (P)T  (P)} 


^°r  ^98  ^  an<^  t^ie  kasis 


(DxVP.OtJ^P).^,  Dx^P.m^CDeJ4',  Dx*(P,?)e<4)}  u: 

^or  (noting  that  (Z,?)  *  x*(P»C))«  We  claim  that  the 

elements  of  the  latter  basis  are  given  by 

Dx*(P,OI^1(P)«j<4)  -  (xtoh-1)^i(h(P»ej(‘),  i  .  1,2,  (14 

DX*(P,4)e<4>  .  x^(P,4).j(4)+«'4).  (15 

To  prove  (14),  observe  first  that  the  matrix  of  Dh*“1(h*(P, ;) ) :  ]R3  •+ ]R 
with  respect  to  the  standard  basis  vectors  of  1R3  and  ]R4  is,  from 
(V.43.3), 


«h“1>V.‘<P,°)W4 

013 


(h'1)i1(h(P)) 

(h‘1)?1(h(P)) 

(h_1)f1<h(P)) 


Thus,  for  i  »  1,2, 


(h_1)^(h(P)) 

(h’1)?2(h(P)) 

(h_1)32(h(P)) 


Dh’’"1(h*(P,C))e[3)  -  (h“1)^i(h(P))ej(4)  -  (Dh"1(h(P))e^2)}je(4) 


tL  (P)e^4). 


(17) 


Also,  using  the  matrix  (10),  with  x  -  h(P), 


D(x*oh*_1)(h*(P,S))e£3)  -  (x5°h‘1)Ji(h(P))ej(4),  for  i  «  1,2.  (18) 

From  the  definition  (1.2.10.1),  and  accounting  for  (17)  and  (18),  we 
compute 

Dx*(P,5)T^1(P)ej(4)  -  D(x*oh*"1)(h*(P,0)o{Dh*-1(h*(P,0)}‘1T^i(P)ej(4) 

-  D(x*oh*‘1)(h*(P,;))ep) 

-  (x;oh-1)^i(h(P))e^4),  for  i  -  1,2, 

which  is  just  (14) .  Proceeding  to  the  verification  of  (15) ,  we  see 
that 

Dh*_1(h*(P,5))e<3)  -  e£4),  (19) 

from  (16),  while,  from  the  matrix  (10), 

D(x*0h*_1)(h*(P,O)e33)  -  X^4(P,Oej(4)+eJ4).  (20) 

Using  first  (19) ,  then  (20) , 

Dx*(P,Oe44)  -  D(x*oh*_1)(h*(P,0)o{Dh*'1(h*(P,0)}"1e44) 

-  D(x*oh*_1)(h*(P,C))e^3)  -  x^(P,Oej(4)+e^4), 

-t.e. ,  (15)  holds.  Let  us  use  (14)  and  (15)  to  compute  the  scalar  product 
k  (4)  (41 

of  v  (Z,4)e^  -u(Z,C)e4  with  each  element  of  the  basis  for 

T3b(Z,C)  given  by  (13):  for  i  -  1,2, 


{v  (Z,  C)e£  -u(Z,  ?)e^  }»(x^°h  ^(MPjJe"' 

-  v^Z.O-Cx^h'^^ChCP))  -  v3g  (Z).DX;(P)Thi(P)  -  0 
(since  DX;_(P)Thi(P)  €  T^g  (Z)),  and,  recalling  that  P  -  x^CZ), 

{vk(Z,OeJ4)-u(Zfc)eJ4)}»{X?4(P,Oej4>4«44)} 


-  v(Z,;)«X»4(x”1(Z),?)-u(Z,?)  -  0, 

the  latter  equality  by  (2).  Thus,  vk(Z,  c)e£4^-u(Z,0e^  e  N^Z.O. 

and  tne  vector  on  the  right-hand  side  of  (3)  is  then  a  unit  normal  to 

3B  at  (Z,;)>  The  proof  of  (iii.4)  shall  be  complete  once  we  have 
k  (4)  (4) 

shown  v  (Z,?)e^  -u(Z,5)e4  to  be  an  ZXt&u.oti  normal  for  3B  at 

(Z,c) .  To  secure  this  conclusion,  we  again  use  the  fact  that  B°  is 
a  q-regular  domain,  proven  in  (iii.2).  Thus,  there  exist  an  open 

4 

neighborhood  U^z  ^  of  (Z,;)  in  1R  and  a  function  4>^z  ^  € 

Cq(U(z  such  that  grad  4^z  ^(Y,s)  +  0  for  each  (Y,s)  e  U^z 

8BnB(z.O  ■  stB°,nu«,0  ■  {(Y'S)  e  Vo1  4<z.O(Y-s)  '  0)’  and 

E°nu^z  ^  -  {(Y,s)  €  U(z  ^  I  *^z  ^(Y.s)  <  0}.  By  appealing  to  Remark 

[1.2. 32. b],  we  find  that  grad  4^z  ^(Z,?)  is  an  exterior  normal  to 
3{B°)  («  3B)  at  (Z,C).  Since  N  (Z,£)  is  one-dimensional,  there 

dl5 

exists  some  a  €  ]R  for  which 

vk(Z,;)eJ4)-u(Z,OeJ4)  -  a  grad  *(Zf5)(Z,Oj  (2 

k  (4) 

obviously,  a  ^  0,  From  (21),  we  can  conclude  that  v  (Z,i;)e^  - 

u(Z,c)e^4^  is  an  exterior  normal  for  3{B0}  at  (Z,c)  by  first  show- 

jj 

ing  that  a  >  0,  which  we  now  proceed  to  do.  Since  v  (Z,c)  4  0  for 


some  l  £  {1,2,3},  (21)  implies  that  D,^z  ^(Z,?)  ^  0.  Then  we  can 

4 

find  an  £  >  0  such  that  B£(Z ,0  C  u^z  ^  and 

V(Z,;)(Y,S)  *  °  for  each  (Y,s)  €  B*(Z,C).  (2 


Note  that 


grad  4>^z  ^(Y,s)  ^  0  for  each  (Y,s)  €  B*(Z,?), 
HBOB^Z.O  -  { (Y,s)  €  B*(Z,C)|  4>(z>c)(Y,s)  -  0}, 


B°OB^(Z,?)  -  { (Y,s)  €  B*(Z,?)|  $(z  ^(Y,s)  <  0}. 


Define  <t>_ :  B  (Z)  -+TR  by  setting 

it  C 


*Z(Y)  $(Z,C)(Y,?)’  f°r  each  Ye  VZ)- 


Clearly,  $_  €  cq(B3(Z)) ,  and 

it  c 


D1#Z(Y)  -  Dt«(z  j(Y,C),  for  each  Y  £  B^(Z)  and  i  S  {1,2,3} .  (27) 


From  (27)  and  (22),  it  follows  readily  that  grad  <t  (Y)  i  0  for  each 

it 

3  3 

Y  €  B£(Z).  Further,  it  is  a  routine  matter  to  prove  that  SB^B^Z)  - 

{t  e  B3(Z)|  $  (Y)  -  0},  using  (24),  (26),  and  the  fact  that  SB  - 

U__  {36  *{s}},  by  [V.15.iii].  Similarly,  the  equality  8°nB3(Z)  * 

fF=K  S  L,  £ 

{Y  €  BJ(Z) |  $_(Y)  <  0}  is  an  easy  consequence  of  (25),  (26),  and  the 

£  it 

representation  B°  ■  —  {S°x{s}},  which  is  from  [V.15.ii].  Thus, 

£*—  K  S 

grad  ♦-(Z)  is  an  exterior  normal  for  3{8°}  (■  38  )  at  Z,  whence 

it  ^  S 

_  I#  ^  ^ 

there  is  an  a  >  0  such  that  v  (Z,c)  *  aD^5z(Z)  ■  ;)^Z’’^ 


«.•> 

V/ 

Vo 


'■  ,-v  .  ■  .  •  . 
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for  k  ■  1,2,3.  In  view  of  (21),  we  must  have  a  =  a.  Thus,  a  is 
indeed  positive.  As  noted,  the  proof  of  (iii.4)  is  now  complete. 


To  prove  the  equalities  (4)  ,  choose  P  6  5R  and  ?  6®;  using 
the  basis  ^Thi^P^e^»  Th2^ej^*  e4^  for  T3RxR^P’^’  constructed 
as  in  the  proof  of  (iii.4)  by  selecting  a  coordinate  system  (U,h) 
in  3R  with  P  €  U,  the  definition  [1.2.10, iii]  says  that 


Jx*(p.O 


|Dx*(P,OTj1(P)e4(4)ADX*(P.?)T!;,(P)e^A)ADx*(P,C)e^) 


J 


h2 


|l31(P)e<4>AT^(P)e'4)Aef) 


(28) 


For  the  vectors  involved  in  the  exterior  product  appearing  in  the 
numerator  on  the  right  of  (28),  we  have  established  (14)  and  (15).  For 
brevity,  let  us  write 

a*  :«  (xcoh"1)|j(h(P)),  for  i  €  {1,2,3}  and  j€(l,2},  (29) 


a4  X?4(P,C),  for  i6  {1,2,3}. 


A  short  computation  gives 


1  i  2  j  4  k  4 


*1 

3 


2 
2 

a2 
3 

a-  a. 


^4)Ae<4)Ae^  + 


*1 

2 


!<4)Ae^4)Ae^4) 


1 

1 

2 

2 

al 

3 

a2 

3 

e<4>Ae<4)Ae<4>+ 

al 

3 

a2 

3 

al 

a2 

al 

a2 

,<4)Ae<4>Ae<4) 


(30) 


.31) 


Setting 


W  ^  ;T.  ^ 


:  2  ,  (32) 


we  then  have 


iVi4)A-H4>A,Vk4)+er>,i2  ■  c^as^a1*1 


‘A’I  ll+  k  T7T7 2 


Now,  clearly,  using  (11),  for  i  -  1  or  2, 


DVP)Thi(P)  "  D(xCoh  Hh(P))e^  -  (x?oh‘-L)Ji(h(P))ejU;  -  a|e<3) ,  (3A) 

from  which  we  find,  accounting  for  (32), 

Dx?(P)Thl(P)xDx?(P)Th2(P)  "  AM3>  "  A-  (33) 

Since  (Dxc(P)Thl(P),  Dxc(P)Th2(P)}  is  a  basis  for  T3g(X(P,C))  (by 
(i.3)),  it  follows  from  (35)  that  AG  Ngg  (x(P,C)),  so  we  have 
A/ 1 A 1 3  ■  v(x(P,C),C)  or  »  ~v(x(P,C) , ;) ;  whichever  the  case, 

(ajA1/^^)2  -  (xi4(P,C)vi(x(P,C),C)}2  -  {u(x(P,C),C)}2.  (36) 

Using  (35)  and  (36)  in  (33) ,  we  find  that  the  numerator  on  the  right- 
hand  side  of  (28)  is 

i.M4,Aa^,A<‘M4M4)>i 

-  I DX^(p)Thi(p)xDX^ (p)Th2(p) I  3* i+u2 (x (p »C)»C)). 


(37) 


Next,  we  compute 


{Thl<P)Th2(P)-Thl(P)Th2<P))eli'>Ae24>Aer> 


+<T;i<p)T>>-i^p>p>»‘r,<A«r) 


+(Thl<P)Th2<P>-Thl(P)Ih2(P),e24)Ae34>A44) 


whence  it  is  easy  to  check  that 


|T^(P)eJ4)AT^(P)e^4)Ae<4)|  -  |Thl(P)*Th2(P>  I,. 


Lhl'  '  j  h2 


Observing  that,  in  this  special  case, 

lDx'(P)Thl(P)*Dx-(P)T^(P) 


Jx(P,C)  JX?( P) 


h2 


lTh1(P)xTh2(P)!3 


insertion  of  (37)  and  (38)  into  (28)  produces 


Jx*(P.O  -  /{l+i/(X(P,0,C)}-JX(P,0, 


(38 


just  the  first  equality  of  (4) .  The  second  equality  of  (4)  is  a  simple 
consequence  of  the  first  and  the  definition  u(P,t)  :*■  u(x(P.O»4)» 
Thus,  (4)  is  correct. 

Finally,  the  inclusion  Jx*  €  COfcll)  shall  follow  from  the 
representation  (4),  once  it  has  been  established  that  u  €  C(3P*H) , 
which  we  shall  do  shortly,  in  the  proof  of  (iv)  (without  appealing  to 
(iii.5));  in  this  regard,  recall  that  3x  e  C(3R*]R)  (cf.,  [V.46.d]). 

(iv)  Since  we  now  know  that  15°  is  a  q-regular  domain,  the 


statements  here  concerning  v 


(:■  v  )  follow  immediately  from 


Proposition  [1.2.31].  Consider  next  u:  SIB  From  (3), 


* 

I 

I 


f: 


V 

V 


H 


k 


B 


| 

t- 


m 


M 

r. 

i 


4  /t  .  2, -1/2 

V3B  *  “U'd+u  }  on  SB, 

from  which  we  first  see  that  |v^|  <1  on  SB,  then  that 

» ■  -4-<i-<4>2'-1/2  on  3B-  <39> 

Thus,  the  statements  of  (iv)  concerning  u  follow  from  those  for 
v__.  Clearly,  (3)  allows  us  to  use  the  same  strategy  in  proving  that 
v  possesses  the  properties  claimed,  for  it  shows  that 

v1  -  v*b*{1+u2}1/2  on  SB.  (40) 

We  choose  to  defer  the  proof s  of  the  assertions  concerning  v,  Jx» 
and  8  until  after  we  have  verified  (vi) . 

(v)  Select  (X,t)  we  shall  use  the  implicit  function 

theorem  to  prove  that  r(*;X,t)  €  C^(SR) .  Let  (U,h)  be  any  coordinate 

system  in  SR.  Since  (X,t)  f  SB,  we  see  that  X  £  SB  ,  so  r  (x(P,t))  > 

t  X 

0  for  each  P€  SR,  which  gives,  by  [V.35.i],  t(P;X,t)  >  0  for 
each  P  €  SR.  In  particular, 

T(h  ^(x);X, t)  >  0  whenever  x  €  h(U) .  (41) 

Now  choose  any  Xq  6  h(U).  Then,  recalling  the  manner  in  which  t  is 
defined, 

rX<X<h  ^Xq),  C-T^h  1(xQ);X,t)))  *  ct (h_1(x0) ;X,t) ,  (42) 

whence  it  follows  that  the  function  (x,c)  !-*■  r^(x(h  ^(x),t-;))  on 


„v 


:  -‘1'  v>»~? 
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h(U)*R  is  positive  at  (Xq.tOi  (Xg);X,t));  the  function  obviously 
being  continuous  on  h(U)x]R,  we  therefore  conclude  that  there  exist 


an  open  neighborhood  VQ  C  h(U)  of  Xq  and  a  6Q  >  0  such  that 


~l/“ 


rx(x(h  J'(x),t-C))  >  0  for  x  €  VQ,  U-t(h  1(x0);X,t)|  <  6Q.  (43) 


Since  x  e  implies  that  (x,s)  !-*•  x(h  ^(x),s)  *  x°h*  ^x.s) 


is  in  Cq(h(U)*R;H^) ,  the  same  is  clearly  true  of  the  function 


-1,A 


(x,C)  I-*  x(h  (x) ,t-;) .  The  latter  fact,  when  coupled  with  (43),  tells 


us  that  the  map  (x,?)  rx(x(h  *(x),t-0)  is  in  ctJ(VQx  (a,  B) )  ,  where 


-1, 


-1,~ 


a  t(h  (xQ)  ;X,t)-6Q,  S  T(h  J‘(x())  ;X, t)+6Q.  Defining  F: 
VQx(a,  6)  -K  by 


F(x,?)  :■  rx(X(h”1(x) ,t-?)) ,  for  i  €  VQ,  c€(o,B),  (44) 


-1, 


we  have  F  €  CH(V0x(C,B))  and  F(xQ,T(h  A(x0) ;X,t))  *  0  (by  (42)) 
Moreover,  the  Cauchy-Schwarz  inequality  gives 


-1, 


F,3(xQ,T(h  (xQ);X,t)) 


1+ ^  grad  rx(x(h  1(xQ),t-T(h  ^Xq)  ;X,t)))»x,4(h  1(xQ)  ,t-x(h_1(x0)  ;X,t)) 

(45) 


>  1-  i  |X,4(h"1(i0),t-T(h"1(i0);X,t))|3  I  1-  ^  >  0, 


having  used  (V.46.3).  The  implicit  function  theorem  and  its  proof 
(cf.,  e.g.,  [VI. 2])  then  imply  that  there  exist  an  open  neighborhood 
W0  C  VQ  of  *0  and  a  uni<?ue  function  f  €  Cq(WQ)  such  that 
(x,f(x))  €  V0*(a,8)  for  each  x  €  wQ,  f (xQ)  -  T(h"1(i())  ;X, t) ,  and 
f(x)-  -  r  (X(h_1(i),t-f(i)))  -  F(x,f (x))  -  0  for  each  x  e  wA.  The 


uniqueness  of  t  (cf.,  [V.31])  implies,  of  course,  that  we  must 
have 

f(x)  *  t(h  ^(x);X,t)  for  each  x€  Wq, 

a  n1  A  g  a 

so  the  function  x  )-*■  t(h  (x);X,t)  is  in  Cs(Wq).  Since  x^  was  an 
arbitrary  point  of  h(U),  we  can  now  assert  that  i(h  ^(*);X,t)  e 
Cq(h(U)),  hence  that  T(*;X,t)  €  Cq(3R). 

The  proof  of  (5)  is  now  straightforward:  again  with  (X,t)  € 
B°Ufia  and  (U.h)  any  coordinate  system  in  3R,  let  us  temporarily 
write  Th(x)  :■  t(h  ^(x);X,t),  for  each  x6  h(U) .  Then 

Th(x)~  rx(x(h  1(x),  t-Th(x)))  -  0  for  each  x6  h(U),  ( 

and  €  Cq(h(U)).  Consider  the  function  [xl^  t^oh  1:  h(U)  -*-lR3, 
given  more  explicitly  by 

[)(](X  t)oh  “  X(h_1(x),  t-t(h  1(x);X,t)) 

( 

■  X(h  3(x),t-t  (x)),  for  each  x€  h(U). 
n 

This  is  the  composition  of  the  map  (x,?)  H-  x°h*  ^(x,£)  *  x(h  3(x),C), 
in  Cq(h(U)*R;*3),  with  x  h-  (x,  t-T(h_1(x) ;X,t)) ,  in  Cq(h(U)  ;K3) , 
showing  that  txl^  t^oh  ^  €  Cq(h(U)  j]R3)  .  A  short  computation,  using 
the  composite  function  theorem,  yields 
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([x]^x  t)oh  “  (xoh*"1)^i(x,t-Th(x)) 

-xh  i(x)*(xoh*  1)^3(x,t-Th(x)) 

(4* 

-  (Xt_T  1>'l1(i)-Th  i(x).xj,4(h‘1(i),t-Th(i)), 

h 

for  x€h(U),  j  €  {1,2,3},  and  1  e  {1,2}, 


the  second  equality  following  from  (V.36.2)  and  the  fact  that 
(xoh*  *)(x,?)  *  (x^°h  *) (x)  for  ?  € 3R,  x  €  h(U) .  We  can  now  differ¬ 
entiate  in  (46),  obtaining,  v-idi  (48)  and  some  rearrangement, 


{l+rx  j(x(h~1(x),t-Th(x)))‘x^4(h"1(x),t-Th(x))}rh  ±(x) 

■  J  rx.k(l<(h'1(*)-t-Th(i')))'(i<t-,h(i)0,,'1^i(i)-  (49) 

for  x  €  h(U)  and  i  6  {1,2}. 

Reasoning  just  as  in  the  derivation  of  (45),  we  find  that  the  coefficient 
of  t  .  (x)  on  the  left  of  (49)  is  >_  1-  —  >  0.  Thus,  (49)  immediately 
gives  (5),  upon  introducing  the  retardation  notation.  The  proof  of 
(v)  is  complete. 


(vi)  Fix  (X,t)  6  3B  Ufi  :  Proposition  [V.38]  says  that 
3 

IxJ(X  t)s  ®  is  a  homeomorphism  of  3R  onto  31B(X,t)  (for  any 

4 

(X,t)  €  ]R  ) ,  while  it  was  shown,  in  the  course  of  the  proof  of  (v) , 
that  [X](x  t)°k  ^  e  C^(h(U) 2R^)  whenever  (U,h)  is  a  coordinate 
system  in  3R,  -L.t.  ,  that  [x]^  t)  €  C^(3R;B^)  (here,  the  condition 

(X,t)  €  is,  in  general,  necessary).  To  complete  the  proof  of 

the  contention  that  Ix]^x  t)  is  a  9“im^edding,  we  must  show  that  the 


,  -'i  **.  *“ .  '’■-VjXv1  ‘l 
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rank  of  (xLv  %  at  each  P  G  3R  is  2,  or,  equivalently,  that 

V.X,  t) 

J[X](X  t)(P)  >  0  for  each  P  6  3R,  which  shall  be  apparent  once 
the  explicit  representation  (7)  has  been  verified.  Indeed,  we  have 
JX  >  0  on  3R*]R  (cf.,  (V.46.7)),  so  [Jxl^  £ ^  (?)  >  ®  ^or  eac^ 

PG  3R,  while  the  result  (V.42.2)  shows  that  l-T;^(P;X,t)  >  0, 
since  1+  grad  rx(txl(x>t)  (?))#U?4](x>t)  (?)  i  1_  f~  >  0  for  each 
P  G  3R  (just  as  in  the  proof  of  (v) ,  the  inclusion  (X,t)  6B°U!°  gives 
t(*;X,t)  >  0  on  SR,  so  rx(fx^x  tj(*))  >  0  on  3R,  and 
grad  rxdx](X  tj(*))  ls  defined  on  3R)  .  Further,  the  definition  (2) 
and  inequality  (V.46.3)  give  |u|  <_  c*  on  3B,  whence  |  uc  |  £  “  <  1 
on  3R*]R,  and  we  have 

II?'(x.t)<p>+>8C)(x,t)<p>  rx‘Ix!(x,t)(p»l3 
•  ,1+2‘8CJ(x.t)(p>-ISJ(x,t)(p)  •*”■*  rx('x)(x,t)(p»+[8,:i(x,t)(p))1/2 

(50) 

i  U-2I [Sc](Xjt)(p) l+t°CI(X,t)(p,}1/2  ■  1-lt?Cl(x.O(p>l  > 

for  each  P  G  3R.  Therefore,  proving  (7)  shall  also  finish  the  proof 
of  (vi.l). 


Turning,  then,  to  (vi.5),  choose  P  €  3R  and  a  coordinate 


system  (U,h) 

in 

3R  with 

PM. 

Once  again  selecting 

the  basis 

{T  (P)}^ 
1AhiV  "i-1 

for 

T3R«P>- 

given  by 

(11),  we  can  compute 

J[x](x,t)(p) 

in  the  present  case  from 


JW<x,t><p> 


lDtX1(X.t)<P)Thl(P),,D1>1(X.t)(P>Th2(P)l3 
|T.  ,  (P)*T,  »(P)  [ , 
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Now, 


DIx!(x,t)<p)Ihi(p)  ■  D(I*1(x,t)°h'1)<h<p,,'42) 


(52) 


(Ix3(x,t)0h"1)’i(h(p))ej3)*  for  i€{1*2}» 


while  we  have  already  available  the  expressions  (48)  (in  which  we  set 


i  -  h(P))  for  (tx](x  t)°h"1)^i(h(P)),  for  j  6  (1,2,3),  i6(l,2). 


Thus,  for  i  €  (1,2,3), 


(D»‘!(X,t)<P)Ihl(P>,‘I>'>‘1(X,t)<P>Ih2(P)) 


"  eijk{(Xt-T(P;X,t)°h  )^1<h(p))_T(h  (*);X,t),1(h(P))*[x^4](x<tj(P)) 

‘{(xt-T(P;X,t)°h"1)^2<h(P))'T(h"1(‘);X,t)’2(h(P))’[x^](x,t)(P)} 


-1, 


eijk(xt-T(P;X,t)°h  )’l(h(P))'(Xt-T(P-X,t)°h 


(53) 


-x(h  («);X,t)  »2^h^P^‘cijk^Xt-T(P;X,t)°h  *  fx’43  (X,t)  ^ 


+t(h  (•) ?x,t)»1(h(P))*e1jk(xt_T(p.x>tjOh  )^2(h(P)) * [x»43 (X,t) (P) ; 


-1, 


replacing  x(h  (•) ;X,t) ,^(h(P) ) ,  for  l  m  1,2,  by  the  expressions 


given  in  (5)  (with  x  «  h(P)),  and  taking  into  account  (V.42.2),  the 
right-hand  side  of  (53)  is 


eijk(Xt-T(P;X,t)°h  ^l(h(P))’(Xt-T(P;X,t)°h  )p2(h(P)) 


+{l-T;4(P;X,t)).eijk{(xt.T(p;X>t)oh-1)^(h(P)) 


'(Xt-T(P;X,t)°h  ),l(h(P))"(xt-i(P;X,t)°h 


’(Xt-T(P;X,t)°h  )»2(h(P))3’rx,u^x3(X,t)(P))*  [x,43(X,t)  (P) 
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ft 


■lxk 


WVT(P;X,t)oh‘1^h(P)),^(P;X,t)oh'1)Vh(P)) 

‘{1_T;A(P;X,t)}*ea1nn(xt-T(P;X,t)0h  1>»i(h(P>) 

*(xt-T(P;X,t)0h  ^  »2(h(P^*{5i£rx,k(fx^(X,t)(P))  ’  fx,4^ (X,t)  (P) 

~^X,4^ (X,t) (P)‘rX,i([xJ(X,t)(P))}’ 


(54) 


the  latter  equality  following  from 


(xt-T(P;X,t)°h  1)’2(h(P))'(xt-T(P;X,t)0h  >»i(h(P)) 


-lxU 


-<Xt*T(P;X,t)0h’1)’l(h(P))*(xt-T(P;X,t)°h'i>*2(h(P)) 


-l^u 


~Eju£E£mn^Xt-T (P;X,  t)°^-1^™i^^P^  *  ^Xt-T(P;X,t)°^_A^ ’*2^^P^  * 


-l,n 


and  then 


EijkEjuZrX,u( [X] (X,t) (P)) *  ^X,4^ (X, t) (P) 


6i£rX,k( [x] (X,t) (P)) ' tX’4] (X,t) (P)'rX,i( [x]  (X, t) (P)) * [X’4] (X, t) (P) * 


Once  again,  it  is  to  be  emphasized  that  grad  rx(tx]^j-  t^(P))  exists. 


since  *x(tx](x  t)(P))  “  cx(P;X, t)  >  0,  due  to  the  hypothesis  (X,t)  e 


B <WI.  To  develop  further  the  expression  given  in  (54),  we  use  (v.42.3) 
to  rewrite  it  as 


.s  '.  .* 

V*-'.  A*J 


{l-{l-x;A(P;X,t)}-rv  a([xJ,v  ^<P))-[xTJ,v  ^(p» 


X,Jlv  lAJ(X,t) 


4J(X,t) 


‘eijk(Xt-T(P;X,t)°h  1)’l(h(P))#(xt-T(P;X,t)°h  1>»2(h(P)) 

+{l-T;4(P;X.t)}.[x;*](xtt)(P).rXil(tx](x#t)(P))- 

*eHjk(xt-T(P;X,t)°h  )'’l(h(P))’(xt-T(P;X,t)0h  1)*2(h(P)) 
{l-T;4(P;X,t)}  » 

**Gijk(xt-x(P;X,t)°h  ^ ’l(h(P))  ‘  (xt-T(P;X,t)°h  )»2(h(P)) 
+{ tX»4](Xjt)iP)*ei;Jk(xt_T(p;Xjt)oh  )^(h(P)) 

•(Xt-T(P;X.t)oh‘1>^2(h<P))}rX#i<Ixl(X.t)(P>))- 


Now,  note  that 


IVT<PiX,t><P>Thi(P>  •  D'Xt-T(P;X,t)0h'1><h<P»*r) 

■  <Xt-T(P;X,O0h'1)’i(h(P,)'j3>'  1E  U'2) 

Further,  ^DXt_T(p.x  t)  ^P^Thi^P^i-l  bein®»  bX  a  basis  for 

T.r  (x(P»t-x(P;X,t))) ,  we  must  have 

3Bt-x(P;X,t) 

[v](X  t)^p)  v(P,t-i(P;X,t))  v(x(P,t-x(P;X,t)) ,t-x(P;X,t)) 


(x(P » t-x  (P;X,  t) ) ) 

t-x(P;X,t) 


DXt-T(P;X.t)(P)Thl(P)XDXt-x(P;X.t)(P)Th2(P) 

'Dxt-x(P;X,t)(P)Thl(P)xDxt-x(P;X,t)(P)Th2(P^3 


where  \  Is  +1  or  -1,  as  the  case  may  be.  Since 


closed;  in  particular,  3{B(X,t)°}  ■  3B(X,t),  B(X,t)0-'  *B(X,t)'  * 

B'(X,t)  *  n°(X,t) ,  and  B(X,t)°  is  regularly  open.  Directly  from 

Proposition  (1.2.29],  3B(X,t)°  and  n°(X,t)  are  q-regular  domains 
in  B3. 

(vi.3)  is  a  simple  consequence  of  (vi.l)  and  [1.2.17.11]. 

Turning  finally  to  (vi.4),  let  P  6  3R.  Parenthetically,  we 

remark  that  it  is  easy  to  see  from  (59)  that  [v]^x  t^(P)+[°C]£X  t)^P 

grad  r  ([X],  , (P))  €  N  n  ([X],  . (P)),  and  it  was  shown  in 

X  U,t)  3{B(X,  t)°)  (X’C) 

the  proof  of  (vi.5)  that  this  vector  is  non-zero;  to  prove  that  it 

provides  an  <LX£.VlLok  normal  to  3(B(X,t)°}  at  [x]rv  .  (P),  however 

it  appears  to  be  easiest  to  proceed  as  follows:  because  (X,t)  £  ?3B 

3{B°),  ([X](x>t)(P),t-T(P;X,t»  6  3Bt_T(p;X<t)x{t-T(P;X,t)}  C 

3B  ■  3{B°} ,  and  B°  is  a  q-regular  domain,  it  follows  that  there 

exist  an  e  >  0  and,  setting  We  :«  B^( [x] (P) ,t-T(P;X,t)) ,  a 

function  ♦  €  c”(Wg)  such  that  (X,t)  £  W£,  grad  $(Y,s)  +  0  for 

each  (Y,s)  €  W£, 

3{B°}fTWe  -  { (Y,s)  €  W  |  <KY,s)  -  0), 

and 

B°nwe  «  { (Y,s)  e  W  I  *(Y,s)  <  0}. 

Then  grad  <t(Z,?)  is  an  exterior  normal  to  3{B0}  at  each  (Z,c)  € 
3{B°}<nWe;  in  particular,  using  (3),  it  is  easy  to  see  that 
*,.([y],v  . (P) ,t-T(P;X,t))  j4  0  for  some  l  €  {1,2,3}.  Consequently 


by  returning  and  choosing  a  smaller  positive  number,  if  necessary,  we 


can  suppose  that  c  is  such  that 

4> ,  (Y,s)  +  0,  for  each  (Y,s)  6  W  . 

i.  e 

Next,  following  the  construction  in  the  proof  of  (iii.4) ,  define 

is  BJ(fx](Xjt)(P))  ->3R 

*(Y)  :«  $(Y,t-r(P;X,t)),  for  each  Y€  ( [x  1  (x  t) (P) )  - 

Obviously,  I  6  Cq(B3([x](X  t)^P^’  With 

grad  MY)  -  4>,i(Y,t-T(P;X,t))e^3)  i  0, 
for  each  Y  €  B3([x]^x  t)(P)), 


( 


having  taken  into  account  (63).  Reasoning  as  in  the  proof  of  (iii.4), 
it  is  easy  to  show,  using  (61),  (62),  (64),  [V.15.ii],  and  [V.15.iiij, 
that  3(CT(PiX,t)>rle(lX>(X,t)<P»  *  Be3([x)(Xit)(P»|  iW  -  0 

8?-T(P;X.t)nBa»X>(X.t)(P)>  '  (Y£  Be('xl(X,t)(P»l  *«>  <  °>- 
remembering  that  3{B°)  ■  SB  and  S{8°)  *  SB^  for  each  5  €  1R.  Thus 
grad  M[X](X  tj(P))  •  ♦.1([xl(X  (P) ,  t-T  (P;X,t))e£3^  is  an  exterior 

normal  for  ^®°-t(P’X  t)^  at  t)  ^  *  whence  there  exists  an 

a  >  0  such  that 


*’iax](x,t)(p)’t_T(P;X’t))ei3)  "  “*[°3(x,t)(p)*  ( 

4 

Now,  the  map  si+  (X(P,t-x(P;X,t)+s) , t-t (P;X,t)+s) ,  on  IR  into  1R  , 
is  continuous  and  has  values  on  SIB  (cf.,  [V.15.iii]).  Since  is 

an  open  neighborhood  of  (x(P,t-T (P;X,t)) ,t-t(P;X,t)) ,  there  is  an 
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cQ  >  0  for  which  (X(P, t-T(p;X, t)+s) , t-i(P;x, t)+s)  e  3{B°}nw  if 


I s I  <  CQ,  so 


♦  (x(P » t-T (P;X, t)+s) , t-T (P;X, t)+s)  *  0,  for  |s|  <  eQ,  (67) 

by  (61).  Differentiating  and  setting  s  «  0,  (67)  yields 

*’iaXl(X,t)(P)’t"r(P;X*t))*Ix>41(x>t)(P)+$’4([x](X,t)(P)’t"T(P;X’t)) 


0, 


which,  with  (66),  gives,  in  turn. 


t-4([Xl(X,t)<!')'t-T<PiX-C>)  ■  -Sl?1<X,t><P)*tX'4I(X,t>(P) 


(68) 


the  latter  equality  by  (58) .  Having  laid  the  groundwork  for  the  proof 
of  (vi.4),  let  us  continue  by  observing  that  W£(X,t)  is  open  in  ]R3 
(by  [V.20.1])  and  contains  txl(X  (P) ,  since 

(lxI(X,t)(P) ’  t_  c  rX([xJ(X,t)(P)))  "  <tx](x>t)(P),t-T(P;X,t))  €W£. 

Consider  the  function  We(X,t)  -►  TR  (cf.,  [V.36.i]),  given 

explicitly  by 

m[x,t]<Y>  <KY»  t_7rx(Y))'  for  Y€We(X,t). 

Since  X?  W£(X,t)  (because  we  ensured  that  (X,t)  9  W^.) ,  it  follows 
that  l$][x>tl  6  Cq(Wc(X,t)),  with,  for  Y  €  W£(X,t)  and  i  €  {1,2,3} , 

(,)[X,t],l(Y)  •  *■!»•  *-  7  VY»-*'4<Y'  “  I  rx<Y))-  7  rX,i(Y)- 


*•  «*">**  •  •  «\»  •  ■  •  ’/  '«*  V  •  .  ■*.  «*.  **.  •  *  *  •  *  •  ■  ,*  *.'  **  % 

-ii  A.4  ^  U  'J  -  J  -t  -r-  -  ■>  -■ 


M 


Thus,  using  (66)  and  (68), 


grad  jx,t]  ^x^(X,t)  [x] (X> t)  (p) , t-x(P;X, t) )e± 


(3) 


-*,4([x](X>t)(P)’t-T(P;X’t)) 


c  ®rad  rX([x](X,t)(P)) 


(69) 


a{[5](x>t)(p)+[3C](X>t)(p) 


grad  rx([X](Xft)(P))}. 


In  particular,  (69)  implies  that  grad  [4>]  t]Uxl^x  (?))  t  0,  so 

3 

we  can  find  an  e  >  0  such  that  B-([x],v  N(P))  c  W  (X,t),  and 

E  ^X,ty  £ 

grad  [<t>]  tj(Y)  +  0  for  each  Y  €  B? ( [ x]  ^x  t^(P)).  Let  us  next  Point 
out  that 


tf3B(X,t)°KWE(X,t)  -  {Y6We(X,t)|  l$][x  t](Y)  *  0},  (70) 

and 

B(X,t)0nw.(X,t)  -  {Y  e  Wg(X,t)|  [i][x  t](Y)  <  0}.  (71) 

To  prove  (70),  suppose  first  that  Y  G  3{B(X,t)°}''iW£(X,t)  ■ 

3B(X,t)nW  (X,t):  by  [V.32.iii],  we  have  Y  €  36  ..  ,  and  so, 

t-  i  rx(V) 

using  [V.15.iii]  and  the  definition  of  W  (X,t),  (Y,t-  —  r  (Y))  e 

G  C  A. 

dB-W  -  3 {B°}nw  .  Thus,  in  view  of  (61),  [*] r  . (Y)  * 

E  E  IX, t  J 

4>(Y,t-  —  r  (Y))  *  0.  To  prove  the  reversed  inclusion,  let  Y  €  W  (X,t), 

C  X  C 

with  [*][x  t](Y)  -  0;  then  (Y,t-  ^  rx(Y))  €  w£  and  *(Y, t-  £  rx(Y) )  = 
0,  whence  (61)  shows  that  (Y,t-  7  r  (Y))  €  3{B°}r>w  ,  so 

C  A  G 


Y€  {3{B°>nw  )(X,t)  »  3B(X,tPW  (X,t)  -  3{B(X,  t)  KW  (X,  t)  .  Therefore, 

E  £  £ 

(70)  is  true;  (71)  is  proven  in  the  same  manner,  using  [V.32.iv], 
fV.15.ii],  and  (62)  at  the  appropriate  junctures.  Now,  clearly  (70) 
and  (71)  continue  to  hold  if  W£(X,t)  is  replaced  in  them  by 

3 

B-([X](X  and  we  can  conclude  that  grad  [C]jx  t]^X^(X  t) 

is  an  exterior  normal  for  3{B(X,t)0}  at  [x],Y  v  CP) ;  recalling  (69)  and 
the  fact  that  a  >  0,  the  same  must  be  true  of  [v]^  t^(P)+[°C](X  t)^' 
grad  t)^P^‘  Statement  (vi.4)  has  been  proven. 

(iv)  (conclusion)  Let  q  _>  2:  we  must  still  show  that 
D^v  €  C(3R*F;It3),  and  D^JX  and  D^u  are  in  C(3R*]R),  k-1, 
or  for  all  k  if  q  *  Choose  P  €  3R,  5  €  ]R,  and  a  coordinate 
system  (U,h)  in  3R  with  P  6  U.  Define  N:  U*B  -*■  ]R3  by  setting 

N^P ,b  eijk{(X-oh"1)^1(h(P))}{(X-oh-1)^2(h(P))} 

-  eljk{(X0h*_1)^1(h(P),OH(X0h*“1)^2(h(P),O}  (7 

for  P  €  u  and  ;  GR. 


Because  X°h*-1  €  C<5(h(U)xRiIR3) ,  it  is  obvious  that  D^N  €  C(U*R;JR3) 
for  k  *  1 , . . . , q-1 ,  or  all  k  if  q  -  08 .  By  reasoning  as  in  the 
proofs  of  (iii)  and  (vi) ,  we  can  deduce  that 


^The  continuity  of  v,  Jx,  and  u  on  3R*E  (for  q  ^  1)  is 
sufficiently  obvious. 


(h'^ohnh”1)^^ 


in 


U*JK.. 


Ico  k" 

Now  it  is  evident  that  D^v  and  D^JX  exist  and  are  continuous  at 
(P,C)  for  k  *  l,...,q-l,  respectively,  all  k.  Finally,  since 


u(P,?)  u(X(P,;),0  -  (x(P.O  ,C)  *X^(P,  G) 

-  vJ(P,0‘X^4(P,;>  for  P  €  3R,  C61, 


(7 


we  must  have  D^u  €  C(3R*]R)  for  k  ■  l,...,q-l,  respectively,  all  k, 
k  3 

recalling  that  D^X  €  C(3f&0R;H  )  for  k  ■  l,...,q,  respectively,  all 
k.  This  completes  the  proof  of  (iv) .  □. 


[V.48]  REMARKS,  (a)  Let  us  agree  to  establish  as  standard  the 
notations  v  and  u  Introduced  in  [V. 47.11]. 


In  the  following,  M  €  W(q)  for  some  q  6NJ{»},  and  (R,X) 
is  a  reference  pair  for  M  as  in  [V.45]. 


(b)  In  each  of  [V.47.v  and  vi],  we  have  required  that  (X,t)  € 
lAjfi0,  -t.e. ,  (X,t)  £  31B,  which  is  in  general  necessary  for  the  truth 
of  those  assertions.  Indeed,  suppose  that  (X,t)  £  3B,  so  that 
X  €  38t>  and  X  -  X(Px»t)  for  some  Px  €  3R.  Let  (U,h)  be  a 
coordinate  system  in  3R  with  P^  €  U.  Then  the  partial  derivatives 
of  x(h  *(*);X,t):  h(U)  -*■  1R  will  in  general  fail  to  exist  at  h(Px>, 
so  we  cannot  assert  in  this  case  that  t  is  in  one  of  the  classes 
C^(3R).  The  source  of  the  difficulty  here  is  that  x(Px;X,t)  •  0, 

(X  t)^V’  and  grad  rx  falls  t0  exist  at  M(x  t)(Px>. 


so  X  -  [x] 


E 


Similarly,  in  this  case  we  can  generally  say  neither  that  [x]^  t) 
is  a  k- imbedding  (although  it  is  a  homeomorphism  of  3R  onto 
3B(X,t))  nor  that  33B(X,t)  is  a  ( 2, 3 ;k) -manifold  for  any  k; 
exceptions  may  occur  if  u(X,t)  ■  0  (and  obviously  do  occur  if  M  is 
null).  Indeed,  a  few  rough  computations  in  this  case  (X,t)  €  3B 
indicate  that  if  u(X,t)  j  0,  33B(X,  t)  has  at  X  a  conoidal  type  of 

singularity,  the  severity  of  which  increases  with  ju(X, t)j,  while  the 
sign  of  u(X,t)  determines  whether  the  singularity  "points  into"  or 
"out  of"  3B(X,t)°;  if  u(X,t)  »  0,  there  is  no  singularity  present. 

We  supply  no  details  to  support  these  rather  vague  statements,  since  we 
shall  have  no  occasion  to  deal  with  the  properties  of  3B(X,t)  for 

(x,t)  e  am. 


(c)  The  bound 


u  <  c*  on  3B, 


following  directly  from  the  definition  (V. 47.2)  and  the  inequality 
(V.46.3),  has  already  been  cited.  Since  c*  <  c,  the  explicit 
representation  (V.47.3)  for  readily  yields,  with  (1), 

,4.2  ,  *.2 ,  2.  ,  *.2  i  i  „  2  i  i 

<V3B)  -  <C  >  /(1+U  >  "  (c  }  V3BV3B  <  C  V3BV3B- 

Inequality  (2)  says  that  3B  is  timz-tikz.  with  respect  to  either 
Maxwell's  equations  or  the  wave  equation,  in  the  usual  sense. 


(d)  Each  of  the  functions 


C  H-  diam  8 


(3 


is  continuous  on  E.  In  fact,  we  have,  for  each  £  €  E, 

diam  8  -  diam  35^  -  sup  { \ X(P, ;)-X(Q, ;) | 3 |  P,Q  €  3R} 

-  |X(p;,0-x(Q;,0|3 

for  some  P^.Q^,  €  3R,  by  the  continuity  of  X(*,£)  and  the  compact¬ 
ness  of  3R.  Thus,  for  any  £  €  1R, 

diam  8C  -diam  8^  <  |  X(PC,0-X(Q;,  O  1 3~| X(P  ,C)-x(Q  ,£)  |  3 

1  |X(Pt,C)^X(Pc,£)l3+|X(Qj;,0-X(Qi.,0l3, 

a  similar  inequality  holding  with  the  roles  of  £  and  £  interchanged. 
Coupling  these  observations  with  the  uniform  continuity  of  x|  aRxjc, 
for  any  compact  K  C  E,  we  can  obviously  conclude  that  (3)  is  continuous 
on  E  (even  in  the  absence  of  a  smoothness  condition  on  M) .  Further, 
again  for  each  £  € ]R, 

*38  *  |  di3B  ’  f  “V 

5  38;  5  3R 

whence  the  continuity  of  (4)  results  from  that  of  Jx  on  3&]R. 

Thus,  in  particular,  it  is  legitimate  to  speak  of  the  (finite) 
numbers 

max  diam  8,  and  max  X.„  (38  ), 

£  €  R  5  £  €  K  ; 
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for  any  compact  K  C  ]R, 


(e)  Fix  (X,t)  €  we  consider  here  the  map  [X*] 

proven  in  [V.41]  to  be  a  homeomorphism  of  3R  onto  3B'X_(X,t) 

4 

(for  any  (X,t)  €E  ).  Now,  since 


(X,t)» 


lx*](x,t>  ■  <lltI(x,t)>t-T<'iX>,:»> 

it  is  evident  from  [V.47.V  and  vi.l]  that  [X*]  ^  €  Cg(3R;Etd)  . 

Moreover,  a  somewhat  lengthy  computation,  of  the  sort  carried  out  in 
the  proof  of  [V.47.vi.5],  produces  the  representation 


J[x*3 


(X,t) 


{l-T;4(*;X,t)}*[Jx]^Xjtj 


•lI?1(x.t)+'8Cl(x,t)  •grad  rx°[x!(x,t> 

*~2  ^'(X,t)  >srad  rx°^x'<X,t)^3 


{l-T;4(*;X,t)>* [Jx]^xtj 

■fl  !°)(x,t)+t°Cl(x,t>  -8rad  V^'cx.t)1^ 

+  ~2  I  I?)(x,t)  xetai  V[x1(X,t)|23il/2  °" 

c 


whence  it  is  easy  to  see  that 

Jlx*1(x,t)  *  0  on  3R- 

Combining  these  facts,  we  see  that  Ex*](x  t)  is  a  q-imbedding,  imply¬ 
ing  that  3B'"'C_(X,t)  is  a  (2 ,4; q) -manifold  and,  for  each  P€  3R, 

DIX*1<X,t)(P);  T3R<P)  *  T510C  (X,t)(Ix*1(X,t)<P))  is  *  bijection. 


For  the  proofs  of  certain  uniqueness  theorems  in  Chapter  4 
of  Part  I,  we  have  need  of  a  variant  of  the  approximating-domains 


result  of  [1.2.43]  which  is  tailored  to  the  geometry  associated  with 
a  motion.  The  appropriate  statement  is  proven  in  [V.50],  following 
the  preparation  provided  in  [V.49]. 

[V.49]  LEMMA.  Let  M  £M(1),  and  AuppoAl  that  a  and 
6  €  ]R,  tcct/i  a  <  8.  Thin  thlAi  ixtiti  a  &  «  6(M,ct,B)  >  0  Audi 
that  u'hincvix  (2,0  e  (315)  ^  t.e.,  uiiiniviA.  ;  €  [a,  8]  and 

2  e  38  ,  thin 


and 


Z+s*v(Z ,0  £  -t($  0  <  s  <  6, 


Z+s*v(Z,5)  68°  li  -6  <  s  <  0. 


PROOF.  (The  reasoning  is  quite  similar  to  that  of  [VI. 59].) 

Fix  5  6  ]R,  then  Z€  38^.  B°  is  a  1-regular  domain  ( [V.47 . iii . 2] ) 
and  (2,0  €  3B  -  3{B°),  so  there  exist  an  open  neighborhood  of 
(.2,0  in  ]R4,  U^z  and  a  function  ®(z,0  e  cl(u(z,c))  such 

that 


grad  $(z  ;)(Y,s)  i  0  for  each  (Y,s)  €  U(z>;), 


{(Y,s)  €  U.  |  $  (Y,s)  -  0), 


((Y-*)  "W  *(Z,t)(Y's)  <  °>  = 


B  OJ 


(2,0 


obviously,  then. 


^u(z,;>  -e0"^(z,C)  ■  «Y-S>  s  u(z , t> 1  WY’s)  >  0)- 


It  follows  that  grad  ^(Y,s)  an  exter*or  normal  for  3B 


at  each  (Y,s)  e  <-)  (cf.,  [1*2. 32. b]).  Recalling  the  form  of 

the  exterior  unit  normal  given  in  (V.47.3),  we  must  then  have 


grad  <?(z,p(Y,s) 


I Krad  $  (Y  s)  I  "*  ,  2  (Y,s)e  -u(Y,s)e^  }, 

lgrad  ?(Z,0U’  '  'n  /{ 1+u  (Y,s) }  1  4 


(Y, s)  €  3B~iU 


(z,0* 


Define  grad'  *(z>?):  U(z>c)  -  TR2  by 


grad‘  $(Z,0  (*(Z,0,1’  ^CZ,  C)  .2'  $(Z,c),3); 


from  (5),  it  is  clear  that  grad'  . (Y,s)  is  an  exterior 

w 


normal  for  38  «  3{8°}  at  Y,  for  each  (Y,s)  €  3B('U,  ..  In 

S  s 


particular,  it  can  vanish  at  no  point  of  the  latter  set,  which 
includes  (Z.O.  Using  the  obvious  continuity  of  grad" 


(Z,0 


on 


J(Z  ,  we  can  therefore  choose  a  positive  e^z  ^  for  which  we 
have  BZ£.  (Z,p  C  u^z  ^  and  |grad'  $ ^  (Y,s)  |  ^  >  0  for 


(Z,C) 


each  (Y,s)  €  B 


(Z,c)“.  Setting 

(Z,p 


M^z  sup  { |grad'  $^z  CY, s> | 3 1  (Y,s)  €  (Z,p~}, 

(Z  9  O 


[l] 


and 


°(Z,;)  inf  {isra<r  ^(Z, ;)  ^Y ,s) ! 3 1  (Y’s)  €  \  (z>0“h 


(Z.O 


it  is  certainly  true  that  M,_  .  <  ®  and  .  >  0. 

(Z,?)  (Z,;) 


e(z  c)^M(z  O’  it  is  quite  easy  t0  see  that 


Now,  whenever  (Y,s)  €  b  (Z,c)-  and 

e(z.O 


a  <  e 


(z,;)  • 


(Y-KJ-  grad*  «  (Y,  s) ,  s)  S  B_  (Z.O  C  U 

1,0  (Z,;) 


(Z,c) 


This  allows  us  to  define  <|^Y  (-e^z  ^,e^z  -*■  K  via 

*a,s>M  8tad‘  t(z,C)'Y,s),s)  £or  |o1  '  'c(z,o- 


for  each  (Y,s)  €  B  (Z ,c)~; 

e(z,c) 


(7) 


then  i|^Y  s)  €  C  ("^(z  c)*^(Z  for  each  such  (Y*s) •  We  Quickly 

compute 


*(V  O(0>  "  0  if  (Y.s)  e  (Z,0'^B 

(Y’s)  e(z,o 


(8) 


^(Y,s) (o)  "  grad*  $(z.O(Y+0’  grad*  *(Zfi;)(Y’s)’s)*  grad‘  *(z,;)(Y’s) 


for  |o|  <  e,  v  (Y,s)  €  B  (Z,;)~, 

u’?)  e(z,0 


(9) 


and 


*«,.)«»  -  | grad*  •(z,;)rt,s)|8  >»Y2  ;) 

for  (Y,s)  e  B*  <z,{)~. 

e(Z,C) 


(10) 
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Directly  from  (9),  the  map  (Y,s,c)  l-  4. ^  g)(o)  is  continuous, 
and  so  also  uniformly  continuous,  on  the  compact  set 


<Z,S) 


<Z,0~*[-  \  £(z>0,  \  e(Zj0]  and  satisfies  (10)  on 

(Z,c)  *(0}.  From  these  facts,  one  can  easily  show  that  there 


fc(Z,0 

exists  a  number  6^  ^  €  (0,  ~  for  which 


>  4  ®/„  .•»  >  0  for  (Y>s)  €  ® 


(Y,s) 


2  (Z,0 


<Z.O' 


(Z,C) 


a  |  <  5 


(z,;)' 


Select  any  (Y,s)  €  yB^B  (Z,c)  and  any  0  €  (0,6. _  .): 

e(z.O  (Z’?> 

using  the  mean-value  theorem  along  with  (8)  and  (11),  for  some 


6  €  (0,r)  we  can  write 


grad‘ 


'  *<r,s>(0) 


>  0  ; 


having  already  seen  that  (Y+o*  grad*  $^z  ^(Y,s),s  >  €urz.rr  and 


(z,0 


recalling  (4) ,  we  deduce  that 


(Y+o*  grad"  $^z  ^(Y,s),s)  €  n  . 


This  implies,  in  turn,  that 


I 


*1 

*1 


Y+o*  grad*  . (Y,s)  €  B'  whenever  (Y,s)  €  (Z,0 

(  E(z.O 


and  o6(0,6(z>o) 


Thus,  since  v  -  |  grad*  *(z>?)l3  *  grad*  *(z>;)  on  3BX-(z^)f 

4 


Y+cv(Y,s)  €  8’  whenever  (Y,s)  €  3B^B 

S  £ 


(z.O 


(z.O 


and  o€  (0,-(Zt5).6(ZfC)). 


Ic  can  be  shown  in  a  similar  fashion  Chat 


Y+ov(Y,s)  €  B°  whenever  (Y,s)  €  3B.*®4  (Z,;) 

8  E(z.O 


and  o€  (-(2#o*«(z#o.0). 


Having  (12)  and  (13),  which  hold  for  each  (Z,0  €  3B,  the 


proof  of  the  lemma  can  easily  be  completed:  since  (oE) ^  is 


compact,  there  can  be  found  a  finite  set  {(Zi,5i)}^-1  in 


(3B)[o,B]  Such  that  {BL  ,(Zi’Ci>}I-l  COVers  (3B)[a,Br 

Ui’V 


By  setting 


one  can  readily  check  that  we  obtain  a  number  possessing  the  required 
properties.  □. 


We  proceed  to  the  desired  Lemma  [V.50].  See  Figure  8. 


[V.50]  L  E  M  M  A.  LeX  M  be  a  motion  in  IM(q),  (Jet  icme  q  >  2. 
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Choo&e  a  and  fi  6®,  u>tth  a  <  6-  Ve&ine,  fax  each  e  e  m, 
G(a,S):  <5I)(a,S)  ~E‘  b‘J 


(a, 8) 


(Z,C)  (Z,O+e(v(Z,c),0)  fax  (Z.O  €  (SB) 


(a, 8) ' 


and  6et 


(a, 8)  • 


ua<5<8  ({VS  8° I  dist  (Y,S8{)  >  -cMt}}, 


J {ox  £  <  0, 


(0,8)  • 


(°0)(a,8) 


Ua<c<8  {{Y€  diSt  (Y’3V  > 


jjo/t  e  >  0, 


S(„,S)  >*  a«(a,s))-'®3»<-.6». 

Then  thexe  exi^tA  a  positive  eQ,  depending  upon  M,  a,  and  e, 
Auch  that,  fax  0  <  |e|  <  eQ, 

U)  G^o  ^  h>  a  (q-1) -unbedcUng ,  tafUng  (3B)^ 
onto  s=a>B); 

Ut)  U  e  <  0,  B,  Bv  -c 6  a  noxmal  domatn ; 

(.a, 8/ 


{'LLi)  t e  >  0,  c  >  c*,  and  p  >  0  w.c£/i 

BE(S-d)(V  C  Bo/2(0)'  ^  ict 

BU!8)  :-E(a,B)n(Bp<t»>(«'S» 


-ii  a  noamaZ  domain; 


and 


[iv]  the.  &xte.xioa  unit  normal  lizZd  &ox  .  c 

Co  9  8) 

3<BCa,S)  }  iA  givtn  by 

v*r  o\  v  ■  _sgn  c  *v_o (G^  ..) 

(a  ,8)  e  6  3B  (a ,  8) 

SCa,B) 


-1 


Furthest, 


(v)  lira  J  G£ 


e  -*■  0 


(a,6)  *  1  tUl^0Afl^0M  (9B)(a,8)- 


PROOF.  The  arguments  here  are,  in  many  respects,  similar  to 
those  adduced  in  the  proof  of  [1.2.43];  cf . ,  [VI. 68].  We  shall  first 

make  various  simple  observations:  since  q  _>  2,  we  have  (at  least)  the 
1  3 

inclusion  v  e  C  (3EiR  ),  so  that  v|  K  is  Lipschitz  continuous 

whenever  K  is  a  compact  subset  of  3B.  In  particular,  this  is 

true  with  K  -  (3B)r  . ,  so  that  there  exists  a  positive  a, 

|a»8J 

depending  on  a,  8,  for  which 


| v(Z2,42^~v^^*?2)  I3  i  al  ^2*^2^”^Z1’^1^ 4 

whenever  (Z^^)  and  (Z2,?2)  €  ^93B)  [a  8]' 

Surely,  then,  {8°}^  ^  is  a  uniformly  Lyapunov  family,  for  which 

a  set  of  uniform  Lyapunov  constants  is  (a,l,d),  provided  d  € 

(0,  1_  ).  Note  also  that  OB),  ..  , 

2a  (o.S) 


OB)  , 


a  \ 


3Bn{lR3x(a,6)}, 


L  5- 


being  a  relatively  open  subset  of  the  (3,4 ;q)-manifold  3B,  is 
again  a  (3,4;q)-manifold.  For  each  ?  6  1,  (3B)^  :=  38^*{4}  is 

easily  seen  to  be  a  (2, 4;q) -manifold.  It  is  convenient  to  define, 
for  each  e  G  ]R,  GG:  SB  -►  ]R^  according  to 


G  (Z,;)  :«  (Z,;)+e(v(Z,4),0)  for  each  (Z.O  €  SB 


(so  that  GGq  -  Ge|  (3B) tn  QN),  and  write 


(a, 6)' 


'[o,8] 


G  |  (SB) 


[o, Bj- 


Ob  serve  that,  for  any  5  G  ]R  and  non-zero  e  with  | e  j  sufficient 

ly  small  (depending  upon  O,  we  can  regard  [1.2.43]  as  giving  a 
£  A 

description  of  G  (•,?):  33^  -►  ]R  ;  e.<).,  this  map  is  a 

(q-1) -imbedding  and,  if,  say,  t  <  0,  takes  38^  onto  the  set 
{Y  G  8° |  dist  (Y.33^)  ■  -e}x{?},  which  must  then  be  a  (2,4;q-l)- 
manifold.  Finally,  by  [V. 49 ] ,  there  exists  a  positive  6*  * 
6*(M,a,8)  such  that 


Z+ov(Z,4)  €  8^  if 
Z+ov(Z,4)  €  8°  if 
(i)  Let  (U,h) 


0  <  a  <  6*,  ] 


r  for  each 


-6*  <  a  <  0  j 

be  a  coordinate  system  in 


«•'>  e  (a»[a>3) 

3B.  For  any 


C  G  JR, 


Geoh  *  *  h  ^+c(voh  \o)  on  h(U)  CiR"*; 

since  v  G  Cq  ^(3B;F^),  it  is  readily  apparent  that  GGoh  *  G 
Cq  ^(h(U)^R^).  Consequently,  GC  G  Cq  ^(3B;]rS.  Certainly,  Gg 


is  then  continuous.  Any  coordinate  system  in  (3B) 


is  also 


(a, 8) 

a  coordinate  system  in  3B,  while  G^  *  Ge j  (3B)  .  so 

B  j  (0t»  D/ 

we  can  conclude  as  well  that  G Z,  £  (^"^((SB),  .  ;bS ,  and 

VCX,D/ 

G(ct,g)  €  C((3B)(a,8);3R4)’  f0r  eaCh  real  £- 

We  can  show  that  G^  gj  is  injective  if  |e|  <  1/a. 

Indeed,  if  (Z^),  i.Zr^  e  "1th  - 

GC,  g]^Z2’C2^’  then  ?1  *  ?2  and  Zl+€v(Zl’Cl^  "  Z2+ev^Z2‘c2) ’  S0 
1 2  2~ Z 1 1  3  *  M*|v(Z2,?1)-v(Z1);1)|3  <  «•  |e|  -  |Z2-Z1I3. 


Thus,  if  a  * | e  j  <  1,  it  is  clear  that  Z^  *  Z^,  proving  our  claim. 
But  now  we  can  use  the  compactness  of  (3B) gj  to  assert  that 
gji  (31B)  gj  ■+  Ge((3B)ja  gj)  is  a  homeomorphism  if  |e|  < 


1/a,  whence  its  restriction  G,  aS\  (3B) ,  oN 
must  also  be  a  homeomorphism  for  these  same  e. 


G  «®><n,S>> 


Now,  to  prove  that  G£q  gj  is  a  (q-1) -imbedding  for  |e 

sufficiently  small,  we  must  prove  that  JGC,  is  positive  on 

(3B),  for  such  e.  For  this,  it  is  clearly  sufficient  to 

(a,p) 

show  that 

lim  (JGe) I  (3B) r  ■  1  uniformly  on  (3B) r  ,, 
la»8  J  L°t » “  J 


since  JG£  .  ■  (JGE) |  (3B)  .  .  Moreover,  statement  (v)  shall 
Vd,p/  vd.py 

follow  immediately,  once  (2)  has  been  verified.  To  prove  (2),  we 
use  the  compactness  of  (3B) ^  and  the  familiar  properties  of 
coordinate  systems  to  construct  a  family  {(U  ,h  )}  of 
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coordinate  systems  in  3B  such  that  I  is  finite  and  {U  } 

i  iSI 

covers  (3B)  ,  while,  for  each  x  €  I,  all  partial  derivatives 

let ,  p  J  - 

"“1  “1  J  —1 
of  h^  and  voh^  are  bounded  on  h^dJ^),  and  | (h^  ),^| 

is  bounded  below  by  a  positive  number  on  h^OJ^).  Since 


(GCoh~1)  fi  -  {(h'b^+c-CvJoh^J.^e^+Ch"1)^ 


(4) 


on  h  (U  ) , 
i  i 


a  short  computation  shows  that  for,  say,  |c|  <  1, 

3  .  3 

1^1  (GEoh'1),i\  <  1^  (h"1)  ,±|+Mi  -  |e  | 


on  h  (U  ) 
i  i 


for  each  i  €  I,  for  certain  positive  numbers  {M  )lgi*  Thus,  in 
view  of  (1.2.11.2), 


J  G‘ 


|  U  <  1+M'*|e|  for  each  i  €  I, 

1  i  —  i  1  1 


(3) 


«  A  . 


for  appropriate  positive  numbers  { M* } •  But  now  (2)  follows 
from  (3),  recalling  that  1  is  finite  and  covers 

(3B)  r  o1.  We  have  now  shown  that  GZ,  is  a  (q-l)-imbedding 

iQlfDJ 

whenever  j c |  is  sufficiently  small.  This  implies,  among  other 


things,  that  G 


(a, 6) 


(OB) 


(a ,  6) 


)  is  a  (3,4 ;q-l) -manifold  for  such 


c . 


For  the  proof  of  the  second  statement  in  (i),  we  shall 
first  establish  the  equalities 


e(<,,S)<<sB>(«,6)>  ■  u«<c<B  m  e  b;i  iist  (Y-sv  ■ 


if 


c  >  0, 


(4) 


I 
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8) (ot3) ’  ’  Vi<B  {{Y  £  8°'  dist  <Y-8V 


if  e  <  0, 


whenever  [c|  is  sufficiently  small.  Considering  (4),  we  suppose 


that  0  <  e  <  min  {6*,  d/2,  l/(2a)},  with  a  being  given  in  terms 


of  a  in  [I.2.37.iii.4] ;  note  that  a  >  a.  Select  £  €  (a, 6) 


and  Y  €  8'  with  dist  (Y,38  )  *  e.  Then  ([1.2.20])  there  exists 
C  £ 


Xy  €  38^  for  which  jY-X^  -  e  and  Y-5^  S  (X^  ,  whence  Y 


must  be  given  by  one  of  X^+cvCX^O*  X^-evCX^,*;)  .  But  the  latter 


lies  in  8°,  since  0  <  e  <  6*,  so 


(Y.O  -  (Xy+ev^.O.O  - 


proving  one  of  the  inclusions  required.  For  the  other,  again  let 


5  S  (a, B)  and  choose  Z  €  38^,  so  that  (Z.O  6  (3B) ^  .  Then 


G(a,B)(Z’°  "  € 


since  0  <  e  <  6  .  We  must  show  that 


<3  dist  (Z+ev(Z,?),38  )  :«  inf  |z+ev(Z, e)-Y |  -  e. 

C  Y  €  38^  J 


The  inequalities  0  <  6  <_  t  obviously  hold.  Assume  that  the 


strict  inequality  5  <  t  is  true:  appealing  once  more  to  [1.2.20] 


and  the  fact  that  0  <  t  <  6*,  we  know  that  there  is  some  Z  £  98r 


for  which 


I Z+ev(Z , ;)-Z 1 3  -  5 


z+tv(z,0  -  Z+6v(Z,c)  ; 


clearly,  it  must  be  the  case  that  Z  ^  Z,  by  our  assumption  that 
6  <  e.  Since 

| Z— Z j 3  -  |6v(Z,c)-ev(Z,0  |3 

1  (e-6)+e|v(Z,0-v(Z,5)  |3 

<  (£-6)+ae*!z-Z|3 

<  (e-6)+  j  | Z-Z | 3 , 

we  have 

|Z-Z|3  <  2(e-6)  <  2e  <  d, 

3  * 

l.Z. ,  Z  €  ,  and  we  can  apply  the  estimate  [I.2.37.iii.4] 

to  obtain 

I  v(Z, 5)  •  grad  r^(Z)  |  <  a-r^Z), 

whence 

2et£(Z)  *v(Z,?)  •  grad  r^CZ)  >  -2aer~(Z) . 

Further, 

<52  -  |Z4€V(Z,0-Z|3  -  r?(Z)+e2+2Ev(Z,C)»(Z-Z), 

giving 


Remembering  that  2ae  <  1,  and  using  (6),  we  therefore  arrive  at 
the  impossibility 

0  <  (l-2ae)r|(Z)  <  62-e2  <  0. 

Thus,  6  ■  e.  Now  (4)  has  been  proven  for  all  sufficiently  small 
positive  e.  An  analogous  argument  serves  to  demonstrate  that  (5) 
is  correct  if  -min  {6*,  d/2,  l/(2a)}  <  e  <  0. 

To  show  that  ^atB)(OB)(a>6))  -  S^>6)  whenever  |t|  is 
small  enough  and  non-zero,  our  intention  is  to  prove  that,  for  such 

e. 

S(o,6)  “  Ua<?<8  HY  €  dlSt  (Y’3V  "  if  e  >  0,  (7) 

while 

S(a,8)  “Ua<c<8  {{Y€  B°l  diSt  (Y’3V  “  if  e  <  0,  (8) 

whence  the  desired  result  shall  follow,  with  (4)  and  (5) .  With  a 

few  preliminary  developments,  (7)  and  (8)  shall  follow  easily.  Let 

us  first  show  that  B,  is  an  open  set  for  each  non-zero  e. 

(a, 8) 

Choose  e  >  0,  and  set 

Be  :«  { { Y  €  8^|  dist  (Y.38  )  >  e}*U}>S  (9) 

then  BC  is  open.  To  see  this,  suppose  that  (X,t)  €  BE  and 


write 


61  :«  dist  (X,38t)  :»  inf  { | Y-X | 3 |  Y  €  SB^, 
so  that  6^  >  c.  Let 

"i:*k({re)- 

We  shall  show  that 

B?  (X)x(t-n, ,  t+n.)  CB£, 

i  (5,-t)  1 

£ 

which  will  certainly  imply  that  IB  is  open.  To  prove  (10),  let 
Y€]R3  with  |Y-x|3  <  y  (6j-e)  .  Then 

B3  ,  (Y)  C  8’ 

e+  |  (6rc) 

for,  if  |Y-Y|3  <  e+  y  (S^-e),  then  whenever  Z  G  8^, 

|Z-Y I 3  >  |z-x|3-|x-y|3-|y-y|3 

>  y  |  (S^e) 

-  0, 


so  t  €  8’  (here,  we  have  used  the  fact  that  5^  :*  dist  (X,38t) 
dist  (X,8t),  which  can  easily  be  checked,  since  X6  Sp  .  Now, 
suppose  that  j t-£ |  <  n^,  so,  obviously,  |t-c|  <  y  (e+  y  (6^-e) 
Combining  (11)  with  the  result  of  [V.13.ii],  we  deduce  that 


(61-c)-c [ t-C 


(Y)  C  8’, 


which  shows  immediately  that  Y  €  8'  and  dist  (Y,38  ) 
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dist  (Y,8^)  >  e,  since  c 1 1— c I  <  (<$^-£)  ,  i.Q..  ,  e+  y  (6^-e)- 

c(t-?)  >  e.  Thus,  (Y,4)  lies  in  Be,  whence  (10)  is  proven. 

But  then,  as  remarked,  it  follows  that  BC  is  open.  Now, 

so  we  can  conclude  that  B^  is  open  for  each  z  >  0.  Further, 

(a, 6) 

defining 

Be  u  {{Y  6  S°|  dist  (Y,3S  )  >  -e}*U}}  for  e  <  0, 

£  s 

one  can  show  that  Be  is  open  for  each  z  <  0,  using  similar 
reasoning  which  appeals  to  [V.l3.i]  at  the  appropriate  juncture 
(note  that  it  may  well  be  that  BE  ■  0  if  | c [  is  sufficiently  large, 
but  the  same  method  of  proof  is  valid) .  From  this  it  clearly 


follows  that  B 


(a,  6) 


is  open  whenever  e  <  0. 


Next,  defining 


{{Y€g;!  dist  <Y,3B  )  >.  e}*U}}  if  e  >  0,  (13) 


Be  :«  u  {{Y6  8® |  dist  (Y,3S  )  >  -e}*UH  if  e  <  0,  (14) 

-  £  4 

we  shall  show  that  each  B  is  a  closed  subset  of  1R  .  In  fact, 

select  any  e  S  ]R  c  ^  0.  Let  ( (Y  ,C  ))  ,  be  a  sequence  in 

n  n  n-i 

Bc,  converging  to  (YQ,C0)  If  G  >  °»  then  ^Yn’?n^n=l  C 

fl°,  SO  (Yn,4n)  e  n°"f  i.z.,  Y0  e  b’_  -  8'  ^36  ,  whereas  if 
u  u  ^0  g0  g0 

c  <  0,  then  {  (Yr  ,?„)  }^ml  c  B°,  so  (Yq.Cq)  SB,  i.z.  , 


•  -v-. ---v  -v 


conclude  that  B  is  closed.  Now,  if  we  write 


:-B£n{lR3x[a,6]} 


Ua<;<8  HY  £  V  d±St  (Y*38;)  -  if  c  >  °* 


B^j6]  :-Be^0R3xta,8]} 

-  V<r<-  UY€  Z°  |  dist  (Y.38)  >  -e}*U}}  if  e  <  0, 

-  ^  4 

it  is  evident  that  B,  is  a  closed  subset  of  ]R  for  each 

[a, 6] 

non-zero  e  €■  R. 


As  our  final  preparation  for  the  proofs  of  (7)  and  (8),  we 
shall  prove  that 

®[a  8]  "  ® (a  8)  whenever  |e|  is  sufficiently  small,  t  l1  0,  (22) 

First,  since  B.  a1  is  closed  and  contains  B.  the  inclusion 

[01  »  P  J  \G  9  *5^ 

£•  -  ^ 

B.  ..  CB  .  must  hold  for  all  real  non-zero  e.  For  the 
(a, 8)  [a,BJ 

reverse  inclusion,  we  note  that  for  some  e*  *  e*(M,a,6)  >  0, 


G^OB'.xiO)  -  (Y  6  B’|  dist  (Y,38  )  -  o}x{C) 


if  0  <  o  <  e  ,  (23) 


G°(3B;x{;})  .  {Y  €  8® |  dist  (Y,38  )  -  -o}*UJ  if  -e*  <  o  <  0,  (24) 

whenever  c  S  [a , 8 ] ;  the  proof  of  this  statement  is  essentially  the 
same  as  that  of  (4)  and  (5) .  We  examine  first  the  case  in  which 


£  >  0,  and  suppose  also  that  e  <  e  .  We  choose  any  point 


(X,t) 


€  Be 


[a, 8] 


and  consider  in  turn  each  of  the  possible  cases: 


(a)  Suppose  that  t  €  (a, 8).  We  have  X  £  S^,  with 

dist  (X,38  )  _>  e;  if  strict  inequality  holds,  then  (X,t)  lies  in 

E,  ON  C  E \  .. ,  so  we  shall  assume  that  dist  (X,3B„)  *  e. 

(a, 8)  (a, 8)’  t' 

Because  (23)  is  valid,  we  can  write  X  *  X+ev(X,t)  for  some 
—  00  . 

X  €  aB  .  Select  a  sequence  (e  )  ,  in  (e,e*)  which  converges 

t  n  n*l 

to  e.  Then,  because  of  (23),  X+env(X,t)  €  B^  and 

dist  (X+e  v(X,t) ,?S)  *  e  >  e  for  each  n  i.&.,  the 

n  t  n 

sequence  ((X+env(X,t) ,  t))^^  lies  in  ^  and  converges  to 

(X,t),  so  the  latter  is  in  B,  oN . 

(.a,  3) 


(b)  Suppose  that  t  ■  a.  If  dist  (X.36^)  >  e,  then 
(X,a)  is  in  the  open  set  BE  (cf.,  (9)),  which  therefore  contains 

3 

an  open  "pillbox"  Ba(X)*(a-b,  a+b) ,  with  0  <  b  <  B-a.  Thus,  the 

entire  line  segment  {X)*(a,a+b)  lies  in  1B^  N,  clearly  implying 

lo ,  c) 

that  (X,a)  e®!  ds.  Consider  the  other  case,  viz.,  that  in  which 
(o,S) 

dist  (X.38^)  ■  e:  now  we  can  write  X  ■  X+ev(X,a)  for  some 
X  6  38^.  Employing  the  reference  pair  (B^.X3)  ^or  wherein 

Qt  00 

X  (*,a)  is  the  identity  on  38^,  choose  a  sequence  (sn)n-^ 

00  . 

from  (a, 8)  converging  to  a,  a  sequence  *n  (£»£*) 

converging  to  e,  and  form  the  sequence  (X  :*  X3(X,sn)+ 

c  v(xa(X,s  ),s  ))*  which  converges  to  X3 (X,a)+cv (X3 (X,a) ,a)  = 
n  n  n  n=i 

X+tv(X,a)  »  X.  Again  by  (23),  Xn  €  S'  and  dist  (Xn,3Bg  )  * 

n  n 

*  OC 

c  >  e  for  each  n  €U.  Thus,  the  sequence  ((X  ,s  ))  .  lies 


Having  (4),  (5),  (7),  and  (8)  if  0  <  jej  <  z* ,  the 
equality  aj((3B)^  g^)  ■  S^a  g^  holds  for  these  e,  and  (i) 

has  now  been  completely  substantiated.  Note,  for  example,  that 
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S,  Is  a  (3,4;q-l)-manifold  for  0  <  lei  <  e*. 

(a,p) 


(ii)  It  is  to  be  shown  here  first  that 


(at. 8) 


regularly  open,  that  E^  °flN  “B/  for  each  e  <  0 

va ,  s ;  (.a ,  a ) 

with  |e|  sufficiently  small.  In  view  of  (22),  we  must  show  that 


gj  "  ® (a  6)  whenever  e  <  0,  |e|  sufficiently  small. 


Let  e  <  0.  We  begin  by  verifying  that 


Be  U  {{Y  €  8° |  dist  (Y,3o  )  >  -eM;}} 

C,  Z, 

«  Km  «Y€  3?i  dlst  (Y , 38  )  >  -e}xU}}}°  (25) 

„  O 

-BE  . 


It  has  already  been  proven  that  B  is  open,  so  the  obvious  inclusion 

o 

Be  C  Bc  allows  us  to  assert  that  Be  C  Be  .  Assume  next  that 
o 

(X,  t)  €  Be  ,  so  X  €  8°  with  dist  (X,38t)  >.-£,  and  there  exist 

3 

numbers  r  €  (0,-2e)  and  n  >  0  such  that  Br(X)x(t-n,  t+n)  C 
Be.  Certainly,  then, 

B^(X)  c  {Y  e  6° |  dist  (Y,3St)  >.  -c).  (2 


We  wish  to  show  that  dist  (X,3Bt)  >  -e;  suppose  dist  (X,oBt) 
-e:  there  is  some  X  €  3Bt  with  |x-x|g  *  -e,  and  the  point 

X+  2(Ie7  clearly  lies  in  B^(X)  .  However, 
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|x+  TTzJ  <x"x)-xI3 


2(-e) 


-1  (X-X) 


r 

-r-  T 


<  -e. 


which  implies  that  dist  ^X+ yyyy  (X-X),3Btj  <  -e ,  in  violation 

of  (26).  Therefore,  dist  (X,3St)  >  -e ,  so  (X,t)  €]Be.  Equality 
(25)  follows.  Application  of  this  result,  supposing  |e|  is 
small  enough  that  (22)  holds,  gives  directly 


®(a!e) 

-  QBen{]R3x[a,6]}}0 


o  . 

-  Be  .''{m  x(o,B)} 


Be"HlR3x  (o,S)  } 


(a, 8) 


This  proves  our  original  assertion. 


Choose  a',  B'  €  ]R  with  a'  <  a  and  8  <  6'.  Let  e  <  0 


be  such  that  |e|  <  e*(M,a',8')  (cf.,  (24)),  and  each  result  ob¬ 
tained  during  the  proof  of  (i)  holds  not  only  for  a  and  8,  but 
also  when  a  and  8  are  replaced  by  a'  and  6',  respectively: 
we  shall  employ  the  criteria  established  in  Remark  [I.2.41.c]  in 


is  a  normal 


order  to  show  that  the  corresponding  set 
domain  whenever  |ej  is  small  enough. 

0.  In  fact,  by  (24),  we  see  that 


B, 

(a, 8) 

Note  first  that 


{Y  €  8^|  dist  (Y,9S^)  >  -e}x{;}  ^  0  for  each  X,  €  [a, 6]. 

One  can  show  easily  that  B,  oN  is  bounded  by  using  [V.10],  while 

(a,B; 

we  have  just  seen  that  this  set  is  regularly  open.  Moreover,  the 
£ 

boundary  of  B,  can  be  written  as 

(a,  8) 

t 

3{B^  a.)  «b^  .  -  rnur  ur  US^  , 

(a, 3)  [a, 8]  (a, 8)  0  a  6  (a,p) 


wherein 


r-  {{Y  €  8° |  dist  (Y,9B  )  -  -e}x{a}} 
u  a  a 

U{{Y  €  B°!  dist  (Y,9Bg)  *  -e } x { B } } , 

T  {Y  €  8° |  dist  (Y, 98  )  >  -e}x{a}, 
a  a  a 


rg  :«  {Y  6  8° I  dist  (Y,9B  )  >  -t}x{e}. 

It  is,  for  the  most  part,  routine  to  check  that  this  decomposition 

fulfills  the  requirements  of  [I.2.41.c].  Fq  is  the  union  of  two 

compact  sets  which  are  (2,4;q-l)-manifolds  if  |e|  is  sufficiently 

small,  as  we  remarked  prior  to  the  proof  of  (i) .  F  and  ro  are 

a  p 

non-void  (cf.,  (27)),  while  it  is  trivial  to  see  that  each  is 

3  3 

relatively  open  in  9{IB^  gj)  as  well  as  *n  lR*{a:  and  ]R  x{6}. 


(27) 


respectively;  from  the  latter  fact,  each  is  a  (3,4;®)-manifold . 
Just  as  obvious  are  the  inclusions  r  CJR  x{a},  r  C®  x{g}. 

Qt  3 

From  (i),  it  is  known  that  oN  -  G,  ..((SB),  oS)  is  a 

(a,  8)  (a,  6)  (a,  8) 

(3,4 ;q-l) -manifold.  By  its  very  definition,  oN  is  open  in 

VOt,  B) 

3{B^  Let  us  show  that 

(a, 8) 

S(a,B>  ■  S(«,e)Ut{V  S  O  dlSt  *  -£M<,}} 

u{{y  s  b°|  disc  or, as.)  -  -e}«{b>}  c  s£  , 

o  p  ,8  ; 

Indeed,  since  a'  <  a  and  8  <  8',  the  inclusion  claimed  in  (28) 
is  clear  from  the  results  of  the  proof  of  (i),  with  a  and  8 
replaced  by  a'  and  8',  respectively,  for  (8)  then  gives 

Sl\f)  -  V<t<B'  {l?  £  Btl  dist  <Y-SV  ' 


To  prove  the  equality  in  (28),  suppose  first  that  X  €  B  with 

a 

dist  (X,38a)  -  -e.  There  exists  X£  3Ba  such  that  X  -  X+ev(X,cO 

Using  the  reference  pair  (B^.X01)  for  M»  employed  in  the  proof 

of  (i),  and  selecting  a  sequence  (s  )  ,  in  (a, 8)  converging 

n  n*i 

to  a,  the  sequence  ((Xa(X,s  )+ev(xQ(X,s  ),s  ),s  )~  lies  in 

n  n  n  n  n*l 


(a.  8) 


and  converges  to  (X,a),  showing  that  this  point  is  in 


S,  .  We  arrive  at  the  same  conclusion  in  case  X  G  5°  with 
(a»B)  8 

dist  (X,3B^)  *  -e.  Thus,  the  union  appearing  in  (28)  is  contained 

in  .  On  the  other  hand,  suppose  (X,t)  S  :  there 

exists  a  sequence  ((X  ,t  ))"  C  oN  converging  to  (X,t), 

n  n  n*l  (a,p; 

so  lim  X  *  X,  lim  t  *  t,  and  X  €  B°  with 
n  n  ’  n  t 

n  -*■  <*>  n  -*■  »  n 
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dist  (X  ,35  )  -  -e  for  each  n  €U.  Since  {t  }  ,  C  (a, 8),  we 

n  t  n  n*l 

n 

have  t  £  [a, 6].  We  wish  to  show  that  dist  (X,3Bt>  *  -e.  For 

each  n  €  jj  there  exists  X  £  33  for  which  X  *  X  +ev(X  ,t  ); 

n  t  n  n  n  n 

n  -1 

in  fact,  it  is  clear  that  (X  ,t  )  *  G,  ,  „,.(X  ,t  ),  whence  it 

nn  nn 

-  QO  ^  - 

follows  that  (X  )  .  converges  to  a  point  X  €  38  and  (X,t)  * 

2.  n  n«x  t 

G(a'  gt)(x»0,  or  (x»c)  “  ^(a'  In  view  of  (24)  (written 

for  a',  8'),  it*follows  that  dist  (X.36^)  *  -e.  Consequently, 

(X,t)  is  in  U  {{Y  G  8° |  dist  (Y, 35  )  -  -e}*{?}),  which  is 

just  the  union  appearing  in  (28)  (cf.,  (8)).  Having  completed  the 

proof  of  (28),  we  can  assert  that  is  contained  in  the 

(a,  8) 

( 3, 4 ;q-l) -manifold  ,  0,..  Finally,  since  reasoning  as  in  [VI. 68] 

(n  ,0  ) 

Implies  that 


T~  ■  (Y  €  8° |  dist  (Y,3Ba)  _>  -e}x{a). 


r“-{Y€5°|  dist  (Y,3Bg)  >_ -e}x{8>, 

provided  |e|  is  sufficiently  small,  we  can  also  use  (28)  to 
conclude  that  r;ns£>e)  C  r0  and  c  r#. 

Having  checked  that  all  requirements  of  [I.2.41.c]  are  ful¬ 
filled  by  0.  if  e  <  0  and  |e|  is  sufficiently  small, 

(ct,o; 

the  set  is  a  normal  domain  for  such  c . 


(iii)  By  proceeding  as  in  the  proof  of  (ii),  mutatti 


mutandci,  one  can  show  that  J3,  .  is  a  regularly  open  subset  of 

CO  ,  S) 

4 

R  whenever  e  is  positive  and  small  enough  that  (22)  holds;  we 
shall  suppose  that  this  has  been  done. 


Now,  select  c  >  c*,  and  fix  any  positive  p  so  large  that 

B-/o  v (8  )  C  B^.-(O).  Obviously,  8  C  B^.-(O).  But  also,  for 
cCS-a)  a  p/2  a  p/2 

each  (  €  (a,6l*  by  recalling  [V.  10],  we  find  that 


8  ..  .  C  B?,  .  (8  )  C  B- ,  ,(8)CB3,,(0). 

o+((-a)  c((-a)  a  c(8-a)  a  p/2 


Then  it  is  easy  to  show  that  for  each  o  €  (0,  p/2]. 


{Y  £]R'3|  dist  (Y,8  )  <_  o)  C  B^(0)  whenever  (  6  [ot,8], 

£  P 


hence  that 


{Y  €  8^|  diet  (Y,38^)  >  oKlr  (Q)  is  non-void  and  open 

3 

in  R  for  each  (  €  [a, 8]. 


(29) 


(30) 


Thus,  defining 

BU!b)  :-B(„,8)r'!l’<CI>'‘<‘'-6>)  £"  c  S  (0,  o/2), 

4 

we  obtain  for  each  such  c  a  non-void  open  subset  of  R  possess- 

3 

ing  a  non-void  (-section  which  is  relatively  open  in  R  x{(},  for 

each  (  €  [a, 8].  We  wish  to  show  that  whenever  e  is  sufficiently 

small  the  corresponding  .  is  a  normal  jomain;  for  this,  we 

Co,  8/ 

shall  rely  once  again  upon  the  result  of  [I.2.41.c].  Let  us  first 
satisfy  ourselves  that 


for  each  sufficiently  small 
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BK6) 

positive  e. 

The  inclusion  B^’°flv  C  .r,{B^(0)  *[a,B]}  is  plain  enough, 

(a. 8)  (a,8;  P 

since  the  latter  set  is  closed  and  contains  Suppose  t 

is  so  small  that  (22)  holds.  Then 

«^B^(0)'x[a,8]} 

(q,s;  p 

“  Ua<;<6  {{Y€8;I  dist  (Y,38;)  >  e,  |  Y|  3  <_  o  )*U) } . 

In  fact,  if  we  choose  e  e  (0,  min  (e*,  p/2})  and  assume  that 
0  <  c  <  e,  then  we  have  not  only  (32),  but  also 

{Y  €  8’ |  dist  (Y, 38^)  -  o}  C  Z*(0)  for  each  a  €  (0,e) 

and  C  €  [a, 8], 

(Y  €  8’ |  dist  (Y,  38^)  >  eKU^O)  is  non-void  and  open 
in  1R^  for  each  C  6  [a ,8], 

and 

Ga(385*U})  -  (Y  €  8£|  dist  (Y,38c)  -  o}*U>  if  a  €  (0,c) 

and  i  €  [a , 6  ] , 

following  from  (29),  (30),  and  (22),  respectively.  Now,  choose 
(X,t)  6  B/"  axr'{B^(0)"x[a,e]},  l.Z.  ,  by  (32),  such  that  t  e  [o,S], 
X  €  B’^B  (0)  ,  and  dist  (X,3B  )  >  c:  then  one  can  construct  a 


sequence  in  g^  which  converges  to  (X,t).  The  proof  of  this 

fact  is  most  easily  accomplished  by  using  (33)-(35)  and  proceeding 

essentially  as  in  the  proof  of  (22) ,  considering  each  of  the  cases 

t  €  (a,6),  t  ■  a,  and  t  ■  8.  The  additional  subcases  which  must 

be  examined  here,  because  of  the  presence  of  the  bounding  set 
3 

315^(0)  x  [a, 8] ,  can  be  handled  in  an  obvious  manner,  with  (34).  We 
shall  omit  the  details  of  the  verification.  We  conclude  that 
(X,t)  e  ® g) »  and  so  (31)  is  true  whenever  0  <  e  <  min  {e,  p/2}. 


Now,  again  if  0  <  e  <  min  (e,  p/2},  since  B^  is 

va ,  tv 

regularly  open  and  (31)  holds,  we  find  immediately  that  Bp,pdN  is 

(.0,8; 

also  regularly  open: 


B(^  ■  to(;,e)n«03<orxK6]})° 


B 


e,P 

(a, 8)  * 


Choose  a’.  S'  €  1R  with  a*  <  a  and  S  <  8'.  Let  e  >  0 

be  such  that  e  <  min  {£,  p/2,  e*(M,a',B')}  and  each  result  obtained 

during  the  proof  of  (i)  holds  for  a,  8  and  with  a’,  8'  replac- 

£ 

ing  a,  8,  respectively.  Then  B,  ..  is  a  non-void,  bounded, 

vo,c; 

4 

regularly  open  subset  of  IR  .  Moreover,  it  is  easy  to  identify  a 

decomposition  of  3{B^,P  *}  ■  E^ ,p  ,p  .  which  fulfills  all 

(,a,o)  Qa,8)  (a, 8; 

requirements  set  forth  in  [I.2.41.c]  if  e  is  sufficiently  small; 
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the  details  can  be  supplied  by  basing  the  reasoning  on  the  proof 

carried  out  in  (ii) .  Thus,  is  a  normal  domain  whenever 

(a  ,6; 

e  is  sufficiently  small  and  positive. 

(iv)  We  suppose  |e|  to  be  so  small  that  the  statements 
proven  in  (i)-(iii)  hold.  Fix  (Z,;)  €  (SB)^  g y  We  shall  first 
show  that 

T  e  (G^  gj(Z.O)  ■  t3]b(z»0  for  lel  sufficiently  small,  (36) 

S(a,g) 

for  which  it  suffices  to  secure  the  inclusion 

T  c  <G(a  6)<Z,i;))  C  T3b(Z’°  if  lel  iS  51,1311  enou8h •  07) 

S(a,6) 

To  prove  (37),  let  6  €  T  (G^  .(Z,0)»  There  exist  6  >  0 

and  4>C  €  ^((-d.d)^4)  with  tpC(- 6,6)  C  S*a  }  ,  /(O)  -  GE(a>B)  (Z, c)  , 

c '  4 

and  ^  (0)  -  8.  Define  ij>:  (-6,5)  -*•  1R  by 

-1 

\Ko)  GEa  gjOij,e(a)  for  |o|  <  6,  (38) 

4 

and  f^:  (-6,6)  -*■  1R  according  to 

f^(o)  :■  (vo^(o),0)  for  |a|  <  6.  (39) 

Let  us  assume,  for  the  moment,  that 

«|  C-6q , <5q)  €  C1( (-f Q , 6q)  ;»4)  for  some  6Q  €  (0,6].  (40) 


Then,  since  0> ( ( — * 6_) )  C  aB  and  ( 0)  ■  (Z,t),  it  follows  that 


i|/'(0)  G  Tg^(Z,?).  Further,  recalling  that  B°  is  a  q-regular 
domain  ( [V.47.iii.2]) ,  there  exist  an  open  neighborhood  of  (Z,s) 

A  n 

in  ]R  ,  U^z  and  a  function  4>^z  ^  €  C  ^U(z  suc^  c^at 

grad  4>^z  ^  does  not  vanish  in  U^z  ^  ,  and 

V3B(Y,s)  "  <1+u2(Y,s)}"1/2-(v(Y,s),-u(Y,s)) 

-  |  grad  ^(z ,;)(Y,S>  U1*  grad  $(z  c)^Y,S)  (41) 

for  each  (Y,s)  G  ^  . 

Thus,  for  the  function  grad*  $(z>;)  :«  <*(z#c)fl-  *(Z,0,2’  $(Z,;),3)£ 
Cq_1(U^z  ,  (41)  evidently  implies  that 

v(Y,s)  -  | grad*  4^z  j (Y,s) | grad*  » ^  ^(Y,s) 

(42) 

for  each  (Y,s)  €  3B^U(Z  . 

In  view  of  the  definition  (39) ,  (40)  and  (42)  together  imply  that 

X  2 

fy  is  of  class  CA  on  a  neighborhood  of  0.  Since  | f ^ ( a ) | ^  *  1 

for  | o |  <  <5,  we  find  that  f^(0)«f^(0)  ■  0,  whence 
v3]B(Z,C)*f;(0)  -  {1+u2(Z,O}'1/2(v(Z,O,-vj(Z,O)«((vc^)'(0),0) 

-  {i+u2(z,;)>’1/2fv(0)*r(0) 

-  0, 

i.Z.  ,  f'(0)  €  T_(Z,c).  But  then,  observing  that 

V 

**  ■  5(.,8>°G(a,B)°*E  '  ‘W)0*’  -  'He,v  on  (‘6>4)l  (‘3) 


the  desired  result 
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6  -  *C’(0)  -  ip '  (0)+ef '  (0)  €  t  (Z,c) 

V  oJb 

follows.  This  implies  that  (37),  hence  also  (36),  is  correct, 
provided  (40)  obtains. 


Let  us  check,  then,  that  (40)  is  true  for  all  e  with  |e| 
sufficiently  small,  independently  of  the  point  (Z,?)  chosen  in 
(3B)^  gj .  First,  by  the  q-regularity  of  B°  and  the  compactness 
of  (3B)  ^  gj,  we  can  find  a  finite  family  of  open  subsets  of  ]R^ 
forming  a  cover  for  (3B) ^  g^,  and  a  corresponding 

collection  of  functions  £  C^(U^)}^^  such  that,  for  each 

i  e  {l,...,p},  for  certain  positive  numbers  m^  and  M^, 

£  |grad*  | ^  —  Mi  on  Ui»  (44) 

1  Mt  on  for  j,k  -  1,2,3,  and  4,  (45) 

and 


v(Y,s)  •  |grad"  *i(Y,s)|j1*  grad*  $i(Y,s) 


for  each  (Y,s)  €  3BOU^, 

wherein  grad*  ^  (^  4>i  2,  4>i  3)  6  Cq~1(Ui ilR3) ;  cf.,  the 

reasoning  accompanying  (41)  and  (42) .  Because  of  (44)  and  (45) , 


.  (46) 


we  have 
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!VETir.r?7!7  (Y-S) 

-  —  u 


l<jO 

1 >  0 


whenever  |e|  Is  sufficiently  small, 
for  each  (Y,s)  €  for 

each  i  €  {1, . . . ,p} . 


Now,  choose  any  c  fulfilling  the  latter  requirement  (and  the 
restrictions  previously  imposed).  Choose  £,  €  {l,...,p}  such  that 
(Z,s)  €  U  ,  and  define  F:  U  *(-6,6)  by 

X  X 


grad*  * (Y,s) 

=-  (Y,s)+e  ^(y,s)|3  .0  -*E(») 


for  (Y,s)  €  U^,  I  a  I  <  6; 

it  is  clear  that  F  €  C^(U  *(-5,6)  jJrS  (recalling  that  6 

X 

C1((-6,6)  ;K^)) .  Since  (A3)  gives 


i|i(a)+e(voiJ;(c)  »0)-v  (o)  ■  0  for  a  <  6, 


with  (46)  we  find 


F(\p(a),a)  -  i^(o)+t  (v(^(o))  ,  0)  — ip  (o)  -  0  for  |c|  <  6,  (50) 


so,  in  particular. 


F(Z,5,0)  -  F(ip(0)  ,0)  -  0. 


Moreover,  by  (47) ,  it  is  easy  to  see  that 


det  ((F^Z.c.O))^  ^)  >  0.  (52) 

Having  (51)  and  (52) ,  we  can  apply  the  implicit  function  theorem  to 
F  and  the  point  (Z,£,0),  and  combine  the  properties  of  the 

-  i  -  -  4 

resultant  implicitly  defined  function  ip  €  c  ( (—6 ,6)  j3R  )  with  (50) 
and  the  continuity  of  \p  to  deduce  that  and  ip  must  coincide 
in  some  neighborhood  of  0.  The  details  of  this  reasoning  differ 
in  no  essential  from  those  laid  out  in  [VI. 68],  in  the  proof  of 
[1.2.43].  Clearly,  (40)  now  follows. 

Maintaining  the  restrictions  placed  on  |e|,  from  (36)  we 
can  conclude  that 

N£  (G^Z,?))  -  ^B(Z,0.  (53) 

S(o»B) 

If  e  >  0,  B,  -v  is  a  normal  domain,  while  if  c  <  0  and  p  is 

Vo, 8; 

chosen  as  in  (iii),  then  B^,P  .  is  a  normal  domain;  in  either  case 

v.a,  B) 

the  exterior  unit  normal  field  for  oN  :■  v  ,  is 

vo,B;  vot,8J  _e 

S(cx,B) 

defined.  The  result  (53)  implies  that  g)^(a  gj(Z,0)  must 

be  given  by  one  of  Vgjg(Z,c),  -Vyg(Z,0*  Consider  the  case  in  which 
c  <  0.  It  is  easy  to  see  that  the  set 

(8°)  {Y  6  8°1  dist  (Y,38  )  >  -e) 
sc  s  s 

3 

is  a  (q-l)-regular  domain  in  TR  ,  with  exterior  unit  normal  field 
given  by 


whenever  |e|  is  sufficiently  small  and  s  €  (a, 8).  In  fact,  (54) 

follows  by  arguing  as  in  the  proof  of  [VI.68.iii],  noting  that 

Y+cv(Y,s)  €  8°  with  dist  (Y+cv(Y,s) , 38  )  -  -o  whenever  |a|  is 
s  s 

sufficiently  small,  s  €  (a, 6).  and  Y  €  38g.  On  the  other  hand, 
we  can  also  show  that 


v  „  *  0.(*,s)  for  each  s  €  (a, 8), 

3(8°)  (ct’S) 
s  e 


wherein  ^  denotes  the  field  of  unit  magnitude  constructed 

from  v*3  Indeed,  by  choosing  s  €  (a, 8) 

and  Y  €  B°  with  dist  (Y,38  )  *  -e,  so  (Y,s)  £  S£,  then 

s  s  (a,p; 

the  (q-1) -regularity  of  ^  at  (Y,s)  shows  that  there  exist 

A  £ 

an  open  neighborhood  of  (Y,s)  in  ]R  ,  U^y  sy  and  a  function 

\  €  . )  with  the  properties  described  by  [1.2.27]. 

(Y,s;  (Y,sj 

Thus,  by  Remark  [I.2.32.b], 

V(a,8)(Y’s)  "  |grad  *(Yi8)(Y»8),41*  grad  *(Y,s)(Y’s)‘ 

-1 

Since  S)(Y,s)  is  a  non-zero  multiple  of  vgjB^(a  gj(Y,s)), 

we  see  that  fl<Y*s> »  *(Y,s) ,2(Y,s) •  *(Y,s) ,3(Y,s))  *  °» 

so  it  can  be  assumed  that  ($^v  ,  , ,  4>^v  ,  -,  .  ,)  does 

(Y,s),l  iY,s;,4  u,s;,J 

not  vanish  in  , .  But  then  it  is  clear  that  the  open  neighbor 

(Y,S/ 

hood  of  Y  in  ®3  given  by  U*  {Y  <=m3|  (Y,s)  €  U*y  g) }  and 


the  function  Y (-*■  ♦  . (Y,s)  in  (Uv)  possess  the  properties 

(Y,s;  i 

described  in  [1.2.27]  relative  to  the  (q-1) -regular  domain 


(B°)  Cm3  and  the  point  Y  €  3(B°)  .  This,  in  turn,  implies  that 
S  E  S  £ 


-l 


\(8°)  °°  *  8rad*  Vs)(Y’s)|3  '  grad~  V,s)(Y’s)’ 


s  e 


wherein  grad*  «(Tj,,  <V,a),l'  ♦<y,,)i2-  N°"  (55) 

follows  from  (56)  and  (57).  Finally,  upon  comparing  (54)  and  (55), 


keeping  in  mind  the  relation 

v..B  -  {i+u2r1/2*(v,-u), 

we  infer  that 

V(a,S)  ^G(a,S)^Z,?^  "  V3B^Z,?^  for  each  €  ^^(a.g)’ 

whenever  e  <  0  and  | t |  is 
sufficiently  small. 

Analogous  reasoning  leads  to  the  equality 

v(n,3)<S(a.6)<Z>0)  '  -v3B(Z-5)  for  each  (z>°  € 

whenever  e  is  positive  and 
sufficiently  small. 

The  assertion  of  (lv)  is  a  consequence  of  (58)  and  (59). 

(v)  This  statement  has  been  established  in  the  proof  of 

(i). 


V.A.  APPENDIX 


A  TOPOLOGICAL  RESULT 

The  following  topological  fact  implies  the  validity  of 
Lemma  [V.6]: 

LEMMA.  Let  T1  be  a  topological  s pace,  T2  a  ^Inst- countable 
Haul  do  A ipa.cz,  and  f:  T  -►  a  continuous  bisection  with  the 
fallowing  pAopeAty: 

ivficneveA  k2  -is  a  compact  subset  ofi  T 2, 
there  exists  a  compact  T±  such 
that  K2  c  f(Kx). 

Then  f-1  is  continuous ,  so  f  Is  a  homeomoApkism . 

PROOF.  In  this  setting,  it  suffices  to  show  that  f 

00 

T2  is  sequentially  continuous.  Accordingly,  let  (x^)^^ 

be  a  sequence  in  T 2  converging  to  xq  €  ^2'  set  K2 

{ |  i  »  0,1,...}  is  compact  in  T2,  so  there  exists  a  compact 

K1  C  T1  SUCh  that  K2  C  f(Kl)*  Now*  fl  fi  Ki:  Ki  -  f(Ki> 
is  bijective  and  continuous  when  and  f(K^)  are  equipped 

with  the  respective  relative  topologies:  since  is  compact 

and  f(K^)  is  Hausdorff,  f^  is  a  homeomorphism,  so  f(K^)  -*• 

is  continuous.  Clearly,  converges  to  Xq  in  f(K^), 


whence 


lim  f  (x  )  -  lim  f.x(x.)  -  f7x( 

i  -*■  “  i  -*•  OD  1  1  1 


xQ)  -  f~  (xQ)  in 


which  implies,  in  turn. 


lim  f_1(x  )  -  f_1(x  )  in  T 

i  -►  co  u  1 

as  well.  Thus,  f  is  sequentially  continuous,  and  so  also 
continuous,  since  T«  is  a  first-countable  space.  O. 
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